UNIT-I

Solution of Algebraic & Transcendental Equations

Introduction-Bisection method-Iterative method-Regula falsi method-Newton Raphson
method System of Algebraic equations: Gauss Jordan method-Gauss Siedal method.

. . . - 2 .
Polynomial Expression: An expression of the form f(x)=a,x" +ax"" +a,x""......... a,is

called a polynomial in x of degreen, provided a, # 0 where q,,q,,a,,......... a, are constants
(real or Complex)
Algebraic equation: A polynomial in x of degree 7 equated to zero i.e., f(x)=0is called an
algebraic equation of degree n .
ex:x'—x+4=0
Transcendental equation: An equation f(x)=0  which involves trigonometric,
logarithmic, exponential functions etc is called as a Transcendental equation.

ex:xe'+4=0, xsinx=2& xlogx—2=0

Algebraic Highest power
Equation of ¥ isfinite

Fe=0

Transcendental
Equation

Highest power
of ¥ is Infinite

Intermediate value theorem:-
State: If f(x)is continuous on [ a, b ] such that f(a)and f(b)have opposite signs.

Then atleast one root lies between a and b.

(1) Bisection method

(2) Regula falsi method or false position method

(3) Newton Raphson Method

To find the root of the equation f(x) =0, we start with a known approximate solution and

apply any one of the following methods :
Method 1: Bisection method:

The bisection method of Bolzano is popular, simple and useful for the computation of root of
non linear equations. This method, also known as binary chapping or half-interval method.
This method consists in locating the root of the equation f(x) =0 between a and b. If f(x)is

real and continuous in the interval a<x<b, and f(a) and f(b) are of opposite signs, that is,



f(@)f(b)<0. Then there is at least one real root in the interval between a and b. The desired

root is approximately defined by the midpoint.
_a+b
o2
If f(x,)=0, then is the desired root of f(x)=0.However, if f(x)#0, then the root may

be between a and x,or x, and b . Now, we define the approximation by

a+x,
X, =
2 s
2

provided f(a)f(x,) <0, then the root may be between a and x, or by

_x+b
2 9
provided f(x,)f(b) <0, then the root may be between x, and b etc.

Xy

Thus, at each step, we either find the desired root to the required accuracy

Problem 1: find out the square root of 25 given 2.0 and 7.0 using bisection method
Solution : Consider f(x)=x>-25=0.
Here a=2 and b=7, we have f(a)=-21and f(b)=24

X; f(x)=x>-25 New interval
(with signs)
_atb _ f(x)=f(45=(45)"-25 (4.5,7)
X, = =45 g
2 =-4.75<0 ¢ +)
5 = 45+7 ¢ f(x,)=f(45)=8.0625>0 4.5, 5.7_5)
-, +)
_AS+5T5 e | f(x)=f(5.125)=1.2656>0 (4.5, 5.125)
BT Y .4
¥ = X, + X — 48125 f(x,)=f(4.8125)=-1.83984 <0 (4.8125, 5.125)
2 ‘ -, +)
Y = X; + X, — 496875 f(x5)=f(4.96875)=-0.31152<0 (4.96875, 5.125)
2 ' -, +)
v = X, + X5 — 50468 f(x)=f(5.0468)=0.47019 >0 (4.96875, 5.0468)
© 2 ' -, +)
25X _s 077 | f(0)=f(5.0077)=0.0778>0 | (5.0468,5.125)
! 2 ' -+
Y = Xg + X5 — 4.088275 f(x) = f(4.988225)=-0.1176 <0 (5.0468, 5.125)
C2 (- +)
x =2 ;xg 19979609 (%) = f(4.9979625) =~0.0203 <0 (5.(9435;, 5.125)

Since x; = x, =4.9979625
Thus the approximation root is x; = x, =4.9979625 .

Problem 2: Find a real root of x’ —5x+3 =0using bisection method
Solution : Consider f(x)=x"—5x+3.



X: 0 1 2

Y: 3 -1
So aroot lies between 1 and 2.
Choose a=1 and b=2.

[a—y

X; f(x)=x>-25 New interval
(with signs)
a+b f(x)=r01.5=-1.125<0 (1.5,2)
x = =15 -
2 -+
x, =12F2 95 f(x)=f(175)=-039<0 | (L75,2)
(_7 +)
X = 4.5+5.75 5125 f(x)=f(1.875)=0.216>0 (_1.75, 1.875)
2 - +)
X, = Y5 4815 f(x,)=£(1.8125)=-0.108 <0 (1.8125_, 1.875)
2 -+
=5 TN 496875 f(x)=f(1.84375)=0.049>0 | (1.8125, 1.84375)
T2 . +)
X = X, ;Lxs _1.878125 f(x)=-0.03095<0 (1.828(1_23-,)1.84375)

Since x; = x, =4.9979625

1.828125+1.84375
Hence an approximation root of f(x) is x, = 5 =1.8359375 .




Method 2: Iteration Method:

Consider the equation f(x)=0 ... (D)
Whose roots are to be determined. The equation (1) can be rewritten as
L 2)

Let be x, an approximation to the root of f(x)=0
Putting x = x, in RHS of (2), we get the first approximation

x =9(x,)
The successive approximations are given by
x, =4(x,)
Xy =P(x,)
X, =9(x,)
When the successive approximations x,,x,,x,, ....... ,x,are always converges to the root of

x=¢(x) . And it can be shown that, if

of the root and x, >« as n—>w.

¢'(x)| <1, when is sufficient close to the exact value «

Problem 1: Find a real root of the equation x’ +x—1=0by the Iteration method, given that the
root lies near x =1 correct to three decimal places.
Solution : Let f(x)=x"+x-1=0 oo (1)

then £(0)=-1<0and f(1)=1>0.

1.e., A root lies between 0 and 1.

The equation (1) can be written as
1

x= =g, (5ay)
Now, ¢'(x):( — )2 and x, =1
1+ x°
|¢'(x)|=‘ —2x |=| —2 |:l<1
‘(1+x2)2 ‘(1+1)2‘ 2

So, the iteration method can be applied.
Let x, =1be the initial approximation of the root of (1).

By Iteration method, we have
'xn+1 = ¢(-xn )9 n= 0,1, 2,3 ........

11
Put n=0, x = = —=—=05
Put n=1, x, =¢(x) = I _ ! =0.6666
T Yolex 14057
1 1
Put n=2, x,= = = =0.6923
% =) =T = 11 0.6660)
Put n=3, x, =¢(x;) = ! I =0.6760

1+x2  1+(0.6923)



1 1
Putn=4, x =¢(x.)= =
o =) 1+x2  1+(0.6760)*

1 1
> = >=0.
1+x; 1+(0.6863)
! = ! ~=0.6
1+x;, 1+(0.6798)

=0.6863

6798

Put n=>5, X, :¢(x3):

Put n=6, x, =¢(x,) = 798

Sine x, ~ x,

Hence the root of the equation is x =0.6798.
Problem 2: Find a real root of the equation x’ +x* —1=0by the Iteration method, given that
the root lies near x=1 correct to three decimal places.
Solution : Let f(x)=x+x*—-1=0  —eeeemem (1)

then £(0)=-1<0and f(1)=1>0.

1.e., A root lies between 0 and 1.

The equation (1) can be written as
1

X= m = ¢(x),(say)
(=1 _
Now, ¢'(x) = 210" and x, =0
-1 1 -1
|¢'(x)| = > 5 :‘7‘ =0.5<1
(1+0)2

So, the iteration method can be applied.
Let x, =1be the initial approximation of the root of (1).

By Iteration method, we have
X, =¢(x,),n=0,1,2,3.......

Put n=0, x, =¢(x,)

1 1
= = =1
,/1+x0 V1+0
11
«/1+x0 J1+1

Put n=1, x, =¢(x,)) =0.7071

- \/1J1rx2 N \/1+((;7071) =07
J i v, 1+ (01.7514) 07

N i PN (01.7556) 07
J Jlr v It (01.7547) 07
J Jlr Y, It (01.7549) 07

Put n=2, x, =¢(x,)

514

556

Put n=3,x, =¢(x;) =

Put n=4, x;=¢(x,) = 547

549

Putn=5, x, =¢(x,) =

Putn=6, x, =¢(x,) = 549

Sine x, ~ x,
Hence the root of the equation is x =0.7549.
Problem 3: Find a real root of the equation x—0.5cosx =0 by the Iteration method.



Solution : Let f(x)=x-0.5cosx=0 - (1)
then £(0)=-0.5<0and f(1)=0.729>0

i.e., A root lies between O and 1.
The equation (1) can be written as

x= %cos x = @(x),(say)

sin x

Now, ¢'(x)=- and x,=0

sin0

At x=0, |¢'(x)|= =[0]=0<1

So, the iteration method can be applied.
Let x, =0 be the initial approximation of the root of (1).

By Iteration method, we have
'xn+1 = ¢(-xn )9 n= 0,1, 2,3 ........

Put n=0, x, =¢(x,) =0.5c0s(0)=0.5

Put n=1, x, =¢(x,) =0.5c0s(0.5) =0.4387

Put n=2, x;, =¢(x,) =0.5c0s(0.4387) = 0.4526
Put n=3,x, =¢(x;) =0.5c0s(0.4526) = 0.4496
Put n=4, x; =¢(x,) =0.5c0s(0.4496) = 0.4503
Putn=5, x, =¢(x;) =0.5c0s(0.4503) = 0.4501
Putn=6, x, =¢(x,) =0.5c0s(0.4501) =0.4502
Sine x, = x,

Hence the root of the equation is x =0.4502.



Method (3): Regula Falsi method or False Position Method:

Consider the equation f(x)=0
Let be two values such that f(x,)& f(x,)are of opposite signs. Also letx, <x,, the
graph y = f(x) will meet at some point between x, & x, . The equation of the chord joining the

points (x,,f(x,))and (x,,f(x,)) is

(y—fxp)) _ o) —f(x) "
(X—)CO) (xl_xo) ................

If the chord AB meet x-axis
So, putting y=0 in (1), we get
—1(x,) _ f(x,) —1(x,)

(x—x,) (xl—xo)

—f(xo)(x1 —xo)

=>X—X, =
f(x1)_f(xo)
—f()co)(x1 —xo)
=S x=X,+
f(x,) —1(x,)
x_xof(xl)—xlf(xo)_x (say)
TR -fy) 0

If f(x,)& f(x,)have opposite signs, then the root lies between x, and x, Otherwise the root
lies between x, and x, .
If the root lies between x, and x, , then the nest approximation is
X = X, f(x,) — x, f(x,)

' f(x,) —1(x,)

Or
_X f(x,)—x, f(x,)

Ty~ flx)

The above method is applied repeatedly till the desired accuracy is obtained.

Problem 1: Find a real root of the equation x* —x =10by the method of false position correct
to three decimal places.
Solution : Let f(x)=x"—x—-10
Sothat f(1)=—-10=-ve, f(2)=4=+ve i.e., Aroot lies between 1 and 2.
"~ taking x, =1,x, =2, and using method of false position,

the first approximation is given by
X, = X £(x) — x, f(x,) _ 1x(4)—2(-10) _ ﬁ 1714286
f(x,) —1f(x,) 4—(-10) 14
Now f(x,)= f(1.714286) =-3.0778 <0. Since f(x,)and f(x,) have opposite signs, i.e., the

root lies between 1.714286 and 2.
The second approximation to the root is given as




P f(x,)—x, f(x)  2x(=3.0778)—1.714286 % (4)
S () —f(x) —3.0778—(4)
and f(x;)= —0.649414. Now, since f(x;) and f(x,) have opposite signs.
1.e., the root lies between 1.838529 and 2.
The third approximation is obtained from
L oh (o) —x, () 2x(-0.649414) —1.838529x (4)
() —f(x) 0.649414—4
and f(x,)=0.1356494. Since f(x;)and f(x,) have opposite signs.

The fourth approximation is given by

PR f(x,) —x, f(x;)  1.838529x(0.135649)—1.861083x (—0.649414) 1857186
; f(x,) —1(x;) 0.135649 — (—0.649414) '
And f(x;)=0.039379. Since f(x;)and f(x;) have opposite signs.

The fifth approximation is given by

=1.838529

=1.861083

_ X f(xs) — x5 £(x;) _ 1.838529x(0.039379) —1.857186x (—0.649414)

X, =1.856119
f(x;) —1f(x;) 0.039379 — (—0.649414)
and f(x,)=0.013130 Since f(x;)and f(x,) have opposite signs.
The sixth approximation is given by
_X f(x,) — x, £(x;) _ 1.838529x(0.013130)—1.856119x (—0.649414) _1.856770

X
! f(xg) —1(x;) 0.013130—(-0.649414)

Since x, =x,.

Hence, the desired root is 1.856 correct to three decimal places.

Problem 2: Find the real root of the equation x* —x =10 by Regula-Falsi method correct to
4 decimal places.



Method 4: Newton Raphson Method:

Consider the equation f(x)=0
Let be x, an approximation of a root of f(x)=0
If x,=x,+h,whereh <<0, is the exact root,
then f(x)=f(x,+h)=0
we know that, f (x, + /) can be extended by Tailors theorem as

Since A is very small, the highst power of 4 of order 22 can be neglected.

f(x0)+hf’(-xo) =0

h — _f(x())
J(x)
=X =X, — f'(xo) since h=x—x,
1'(x)
x, 1s a better approximation than Xx, .
. o . _ f(x,)
The successive approximations are given by x,,,, = x, — m .
xn

This is called Newton Raphson method.

Problem 1: Find a real root of the equation xtan x+1=0 using Newton’s raphson Method.
Solution: Let f(x)=xtanx+1

Then we have f'(x)=xsec’ x+tanx
x: 0 1 2 3
f(x): 1 2.5574 -3.3700 0.57237
Here a=2 and b=3
So that f(a)=-3.3700 and f(b)=0.57237
Therefore, the root lies between a =2 and b=3
By bisection method, the first approximation x, is

X, = atb :&:2.5
2 2
Using Newton Raphson method, x ,, =x, — w
)
The first approximation root is
1 =%~ &
S (%)

f(x,)=f(2.5)=(2.5)tan(2.5)+1=—0.86755
£'(x,) = (2.5)sec?(2.5) + tan(2.5) = 3.14808
0.86755

3.14808
The second approximation root is

nox =25+ =2.7755



X, = x, — f'(xl)
f(x)
f(x)=(2.7755) tan(2.7755) +1 = —0.064056
f'(x)) =(2.7755)sec? (2.7755) + tan(2.7755) = 2.80005
0.064056

Sox, = 27755+ ————=2.79837
2.80005

The third approximation root is
o, L)
(%)
f(x,)=(2.79837) tan(2.79837) + 1 = —0.000044
f'(x,) =(2.79837)sec’(2.79837) + tan(2.79837) = 2.79837

- x, = 279837 + 200004
2.79837

=2.79838

Since x, = x,

Hence the required root of the equation is x =2.79838

Problem 2: By using Newton’s Raphson Method, find a positive root of the equation
xe* —cos x = Orthat lies between 1.8 and 2.

Solution: Let f(x)=xe" —cosx
Then we have f'(x) =(x+1)e” +sinx
x:0 0.5 1

f(x): -1 -0.05322 2.17797
Here a=0.5 and b=1
So that f(a)=-0.05322<0 and f(b)=2.17797
Therefore, the root lies between a =0.5 and b =1
By bisection method, the first approximation x, is

X, = 0.52+1 _075

Using Newton Raphson method, x,,, =x, — w
f(x,)
The first approximation root is
f )
1(x%)

f(x,)=£(0.75) = 0.75¢"" —c0s(0.75) = 0.85606

£'(xp) = £1(0.75) = (0.75+1D)e>® +sin(0.75) = 4.38638
5 0-85606

sox =0. =0.55483
4.38638
The second approximation root is
PACY)

Xy =X ,
f(x)



f(x,) = f(0.55483) =0.55483¢">* —c0s(0.55483) = 0.85606

f'(x,) = £'(0.55483) = (0.55483 +1)e">** +5in(0.55483) = 4.38638

Sox, =2.7755 +W =2.79837
2.80005

The third approximation root is
o, L)
f(x)
f(x,) = £(0.55483) = 0.55483¢">* — c0s(0.55483) = 0.85606
f'(x,) = £'(0.55483) = (0.55483 +1)e">** +5in(0.55483) = 4.38638

- x, =2.79837 + 200004
2.79837

=2.79838

Since x, = x,
Hence the required root of the equation is x=2.79838

Home work:
Problem 3: Find a real root of the equation x +logj,—2 =0 using Newton’s Raphson Method.

Ans: x, =1.796
Problem 4: using Newton’s Raphson Method, find a positive root of x* —x-9=0.



Unit-II
INTERPOLATION

Def: The process of finding the curve passing through the points (x,, y,),(x,, y,)......(x,, y,) is

called as Interpolation and the curve obtained is called as Interpolating curve. Interpolating
curve passing through the given set of points is unique.
Let x,,x,,......x, be given set of observations and y = f(x) be the given function, then

the method to find f(x,),Vx, <x,k <x, is called as an Interpolation. If x, is not in the range
of x,and x,, then the method to find x,, is called as Extrapolation.

[ Pogr A st x, ]

Equally spaced Unequally spaced
argumerts argumerts

/ \

Hewtons, & Gauss Lagrange's
interpolation Interpolation

The Interpolation depends upon finite difference concept.

If x,,x,....x, be given set of observations and let y,= f(x,). y, = f(x),.......
v, = f(x,) be their corresponding values for the curve y = f(x) ,then y, — y,, ¥, = y,-eeeun.
v, — ¥, is called as finite difference.
When the arguments are equally spaced i.e. x;, —x,_, =h,Vithen we can use one of the

following differences.
Note: If h is the common difference of the observations, then h=x, —x, ,,Vi

> Forward differences
> Backward differences
» Central differences

Forward Difference:
Let us consider x,x,,......x, be given set of observations and let y,,y,,.....y, are

corresponding values of the curve y = f(x), then the Forward difference operator A is
denoted by and is defined as Ay, =y, — Yy, Ay, =¥, = Yreeeene Ay, =y, -y, .Inthis case
areAy, ,Ay, ,.....,Ay, called as First Forward differences of y .

The difference of first forward differences will give us Second forward differences and it
is denoted A’by and is defined as A’y, =A(Ay,)



=AWy, Y,)
= AY1_AYO
=,—y)—-,—Y,)

= (y2—2y1+ yO)
Similarly, the difference of second backward differences will give us third backward
difference and it is denoted by A’.

Forward Difference Table

X y = f(x)| First Second Third Forth
Forward Forward Forward Forward
Differences Differences Differences Differences

Xo | Yo

x|y AYy = ¥ = Y,

X |y Ay, = Ay, = Ay,
Ay =y, =y Ny, =A%y, —A%Y,

Ay, = Ay, - Ay, A'y, =Ny =AY,

Ay, =y, =¥, Ay, =Ny, - A%y,

Lt | Yo | A’y, = Ay, — Ay,

I

Ayn—l :yn_yn—l

n !

Note: A"y, :Z(—l) "C.yi

i=0

Backward Difference:
Let us consider x,,x,,.....x, be given set of observations and let y,,y,,.....y, are

corresponding values of the curve y = f(x) , then the backward difference operator Vis
denoted by and is defined as Vy, =y, —y,, V¥, =¥, = Vjseeeeeee Vy =y, -y, .Inthis case,
Vy,,Vy,,.....,Vy, are called as First backward differences of y .
The difference of first forward differences will give us Second forward differences and it
is denoted V*by and is defined as V’y, =V(Vy,)

=V(y,=y)

=Vy,=Vy,

=(Y,=y) == Yo)

=(y,=2Y,+Y,)
Similarly, the difference of second backward differences will give us third backward
difference and it is denoted by V.



Backward Difference Table

v = First Second Third Forth

X | f(x | Forward Forward Forward Forward
Differences Differences Differences Differences

X0 | Yo
Vy =y—Y

x|y Vy, =Vy, =Vy,
Vyz =YY V3y3 :v2y3_vzy2

X, b V2y3 =Vy,—Vy, V4y4 =V3y4—v3y3
Vy3 =¥Y;— Y V3y4 =V2y4_v2y3

X3 V3 Vzy4 =Vy4—Vy3
VY, =y,—

Xy V4

n 1

Note: V"y, :Z(—l) "Cy. .,

i=0

Newton’s forward interpolation formula:
Definition: Let x,,x,,......x, are the given set of observations with common difference &

and let y,,y,....... ,¥, be their corresponding values for the curve y= f(x), then the
Newton’s Forward interpolation formula is given by

p(p—1) Ay, + p(p—-D(p-2) Aly

J ()= f(xy+ ph) =y, + pAy, + o] 3 o s
N p(p —l)(p—2)-.‘...-(p—(n—l)) A"y, where p = x—hxo '
n!

Newton’s backward interpolation formula:
Definition: Let x,,x,,......x, are the given set of observations with common difference &

and let y,,y,....... ,y, be their corresponding values for the curve y= f(x), then the
Newton’s Backward interpolation formula is given by

f(x)=f(x+ph)=y,+ pVy, +wvz)’o +Wv3yo

V"y,,where p = i
n!



Problem 1:

For x=0,1,2,3,4, f(x)=114,15,5,6.Find f(3) using forward difference table
Solution: Given

X: 0 1 2 3 4
y=f(x): 1 14 15 5 6

The difference table is shown below

X y Ay A’y Ay Aty
0 Yo =1
Ay, =13
1 14 Ay, =-12
1 Ay, =1
2 15 -11 Ay, =21
-10 22
3 5 11
1
4 6

By Newton’s Forward interpolation formula is given by

If we take x, =0,h =1then p= x_hxo =¥=3
33-D(3-2) 1+ 33-D(3-2)(3-3) 71

3! 4!

S f3) = 1+3(13)+%(—12)+

= f(3)=1+39-36+1
- f3)=5

Problem 2: Find a polynomial by using Newton’s forward difference interpolation formula for
the following data. Also find f(2.5)

X

0

1

y=f(x)

1

3




Solution: The difference table is shown below

X y Ay A’y Ay
0 Yo =1
Ay, =2

1 3 Ay, =2

4 Ay, =0
2 7 2

6
3 13

By Newton’s Forward interpolation formula is given by

If we take x, =0.h = then p=*—"% :XT‘O:X

x(x—1D(x-2)
" 3!

x(x—1)

f(x)=1+x(2)+ Y

(2) 0)+.......

=1+2x+x" —x

L) =x"+x+1

Also, £(2.5)=(2.5)> +2.5+1=10.125

(1) Given sin45° =0.7071,sin 50° = 0.7660,sin 55° = 0.8192, and sin 60° = 0.8660,
sin52°, Using Newton’s interpolation formula.

Ans: sin52° =0.7880 correct to four decimal places

(2) The population of a country in the decennial census is as shown below. Estimate
for the year 1925

Years X 1891 1901 1911 1921 1931
Population
in thousands 46 66 81 93 101
y

Ans: h=10, y(1925): 96.8368

(3) Find the missing term in the table

X 16 18 20 22 24 26

Yy 39 85 - 151 264 388

Ans: 96.4



Find the missing terms in the table

X

45

50

55

60

65

y

3.0

2.0

-2.4

Ans y1=2.925 y3=0.225

(6) The following data give the melting point of an alloy of lead and zinc, where “t”
Is the temperature in c® and X is the % of lead in the alloy

X 60 70 80 90

t 226 250 276 304

Find melting point of the alloy containing 84% of lead using Newton’s

interpolation formula.

Lagrange’s interpolation Formula:
If x,,x,,.....x, is the given set of observations, which are need not be equally spaced

(x—x,.,)

(x,—x

n—1

=) (5 - )"

This is kwon as Lagrange’s interpolation formula for unequal intervals.

Problem1: Evaluate f(10) given f(x)=168,192,336 at x=1,7,15 respectively, Use
Lagrange’s interpolation.
Solution: Here x=10,x, =1,x, =7,x, =15 and y, =168, y, =192, y, =336
Lagrange’s interpolation formula is given by

(x—x)(x—x)

= fl= (x—x)(x—x,) (x—x))(x—x,) :

(o) (50 —) " (=) (5 =) ™ (e ) (=)
_ (10-7)(10-15) (10-1)(10-15) (10-1)(10-7)
R S T BT B O O N T A [T T

—-15

45

27

=——168+——192+—336
84 8 112
=-30.005+180+81.01=231.005
Problem 2:Given u, =580,u, =556,u, =520, u,
Solution: By Lagrange’s interpolation formula

() (-n)(x-x)
(6 = x,) (% =26, ) (3 = xy) '
(( %) (x=x ) (x—x,)

%) (% =x) (%, -x,)
Here x=3,x,=0,x, =1,x,=2,x,=

=385 u, Use Lagrange’s interpolation.

u(x) =

+




f(x,)=u,=580
f(x)=u, =556
f(x,)=u,=520
f(x;)=u; =385

520+(
(3—0

_ 3x2x1 580+ 4x2x1 N 4x3x1 520+4X3X2

—Ix-2x-3 Ix—1x-2 2x1x—1 Ix2x1

=—1x580+4x556—-6x520+4x385=-580+2224-3120+1540=64

385

Problem 3 : Find the unique polynomial of degree 2 or less such that P(1)=1, P(3)=27, P(4)=64
Using Lagrange’s interpolation formula.
Solution : Given x, =1L x, =3,x, =4
f(x)=pP1)=1
and f(x,)=P(3)=27
f(x,)=P(4)=64
By Lagrange’s interpolation formula for three points,
(x— xl)(x—xz) (x xo)(x x,) (x—xo)(x—xl)
f(x)= F(x)+ S )+
(% =x)(%=2%)" " (n=x)(x—x)" 7 (%) (xn-x)
) ) o ()(3)
34 EnEa T EyEs)
X' =Tx+12 x*—5x+4 x"—4x+3
= + +
6 -2 3

f(x,)

= é[48x2 ~114x+72]=8x" —=19x +12

. The required polynomial is P(x)=8x" —19x+12
Problem 4 : Find the interpolating polynomial f(x) from the table

X 0 1 4 5
f(x) 4 3 24 39

Solution : Given
X, =0,x, =Lx,=4,x,=5 and
f(xo) =4, f(-xl) =3’f(x2) = 24’f(-x3) =39
Using Lagrange’s interpolation formula,
(x—x)(x—x,)(x—x;) (x—x,)
fx)= Fx)+
(2 =) (% = x,) (%, - x;) )
N (x—x,)(x—x)(x—x;) Flx)+ (x—x,)(x—x)(x—x,)
X) X

(xz _xo) Xy =4 )X, —x3)




e ENEAES) (-0 4)(x-5)
(0-1)(0—-4)(0-5) (1-0)(1-4)(1-5)
N (x—O)(x—l)(x—S)x24+(x—O) x—1
(4—0)(4—1)(4—5) (S—O)
On simplification, f(x)=2x"-3x+4

Problem 4 : Find the polynomial f(x) by using Lagrange’s interpolation formula and hence
find f(3) for

X 0 1 2 5
f(x) 2 3 12 147
Solution : Here x, =0,x, =1,x, =2,x, =5 and
FOR) =2, F(x) =3, F(x,) =12, f(x,) =147 .
Lagrange’s interpolation formula is
fx)= (x—x)(x—x,) (x—x3) Flx)+ (x—xy)(x=x,)(x—x;)

(xo —xl)(xo _xz)(xo —x3) ( —

(x—x,)(x—x)(x—x;) £+ (x—x,)(x—x)(x—x,) 7

+

(xz_xo)(xz_xl)(XZ_x3) (x3—x0)(x3—x1)(x3—x2) )
= ENE2(5) ) (-0)(x-2)(x-5)
..f(x)—( _1)(0_2)(0_5)x2+ 1_0)(1_2)(1_5) x3

L (x=0)(x=1)(x - )(
(2-0)2-1)(2-5)  (5-0)(5-1
Hence f(x)=x"+x>—x+2
S fB)=27+9-3+2=35

Problem 4 : A curve passes through the points (0, 18), (1, 10), (3, -18) and (6, 90). Find the
slope of the curve at x=2.

Solution : Here x, =0,x, =1L x, =3,x; =6 and y, =18, y, =10, y, =—-18,y, =90.
Since the values of are unequally spaced, we use Lagrange’s interpolation formula:
b= )= (x—x)(x—x,)(x- x3) - (x—x,)(x—x,)(x—x;) .
X (x5 =% ) (3% = x, ) (x, = x3)
(x—xo x—xl)(x—x3) N (x—xo)(x—xl)(x )
(xz _xo)(xz _xl)('x2 _xs) . (x% _xo)(x3 _x])(x3 xz) .
06,
(1-0)(1-3)(1-6)
LG0(D(-6) o (x-0)(x-1)(x-3)
G-0)E-1)E3) " (6-0)(6-1)(6-3)
=(—x +10x> =27x+18) + (x’ —9x* +18x) + (X’ —=7x* + 6x) + (x” —4x* +3x)
ie., y=2x3—10x2+18

><
LJ]
~—
;—A
[\
+
—~
=
|
=

><18+(

x 90

d
Thus, the slope of the curev at x=2 (_y

j =(6x” —20x) _, =—16.
dx x=2



Problem 5: Using Lagrange’s interpolation formula, express the function
3x° +x+1

(x=D(x=2)(x—3)

Solution: Let us evaluate y=3x"+x+1for x=1,x=2,x=3

as a sum of partial fractions.

These values are x: x,=1,x, =2,x, =3 and

yi Yo =5 y=15y,=31
Lagrange’s interpolation formula is
b poy o LmR)me) ) (rew) () (o)
(xo_xl)(xo_xz) (xl_xo)(xl_xz) (xz_xo)(xz_xl)
Substituting the above values, we get

(x—2)(x—3)x5 (x—l)(x—3)x15

-3 T ey T ) (6-2)
(3 DY) (e)(E-2)
2 -1 2
Thus
Sexel 5 ()3 (xD(x-3) 31 (x-1)(x-2)
(x=D(x-2)(x=3) 2(x—1)(x—2)(x—3) (x—l)(x—2)(x—3) 2(x—l)(x—2)(x—3)
S N U I
2(x—1) (x—2) 2(x—3)
EXERCISE 5.3

(1). Using Lagrange’s interpolation formula, find y(10) from the following table

X |5 6 9 11

y 112 13 14 16

Ans: y(10)=14.67

(2). Find by using Lagrange’s interpolation formula, the interpolation polynomial
Which corresponds to the following data

x:-1 0 2 5

y:9 5 3 10

Ans: x*=3x+5

(3). Using Lagrange’s interpolation formula, fit a polynomial to the data
x: 01 3 4
y: -12 0 6 12

Ans: y(x)=x"—-7x> +18x—12

(4). Given u, =580,u, =556,u, =520,u, =385 Find u,

Ans: u, =465.25

(5). Find y(5) given that y(0)=1,y(1)=3,y(3)=13and y(8) =123, using Lagrange’s

interpolation formula
Ans: y(5)=51.7142




Central Difference Interpolation formula:

We have to discussed that Newton’s interpolation formulae and suitable for
interpolation near the beginning and end values of the data. For interpolation near the
middle of a difference table, Central difference formulae are preferable.

Let x be the middle of the data. If x takes the values
Xy —2h,x, = 2h, x,, X, + 2h,x, +2h and their the corresponding values are y ,,y , y,,y, ;...

of y=f(x).

v First Second Third Forth
X #(x | Forward Forward Forward Forward
Differences Differences Differences Differences
Xo—2h | y,
Ay,=y, =Yy,
X,—h v, Ny, =Ay, -y,
Ay =y,—y, A3y72 = Azyfl —A2y72
X, Yo A’y =Ay,—Ay, Ay, =Ny, -Ny,
Ay, =y, =Y, A3y_1 :AQyo_Azy—l
X, +h Y A2y0 = Ay, — Ay,
Ay, =y, =y
X, +2h |y,

Gauss’s forward interpolation formula:

The Gauss’s forward interpolation formula is given by
PO oy @XDP(PD s
2! 3!
+1 -D(p-2
p+Dp(p-D(p-2) A'y,
4!
The cetral difference table is given below

f(x) = f(x,+ph) =y, + pAy, + A’y

X




= First Second Third Forth

¥ F(x) | Forward Forward Forward Forward
Differences Differences Differences Differences

X —2h | ¥,
AV ,=Y,-Y;

,—h |y, ANy,=N,-Ny,
AV =¥ —¥, Aoy =Ny, —Ay

X, Ay, =Ay —Ay,| Ay, =Ny, -~y
AV, =31 — 3, ‘AJJ'—i =AYy, —A"y,

Xo+h | » Ay, =An — Ay,
AV, =¥, =¥

X F2h | ¥

Gauss’s forward interpolation formula:
The Gauss’s Bachward interpolation formula is given by

(p—1) (p+Dp(p-1)
f ()= f(x, +ph) =y, + pAy, +%A2L + p%fy,l
+1 -D(p-2
+ P+Dplp=Dip=2) Ay F .
41
The cetral difference table is given below
Pli= First Second Third Forth
x J(*) | Forward Forward Forward Forward
Differences Differences Differences Differences

2 ]
Xg—2h | ¥3

xx—h |y,
X Yo
X, +h | »




UNIT-II

Interpolation:

Finite differences-Newton’s forward and backward interpolation formulae —
Lagrange’s formulae. Gauss forward and backward formula, Stirling’s formula,
Bessel’s formula.

INTERPOLATION: The process of finding the curve passing through the points
(X9, ¥9), (x5 ¥,).eeee(x,, ) is called as Interpolation and the curve obtained is called as

Interpolating curve. Interpolating curve passing through the given set of points is unique.

Let x,, x,,......x, be given set of observations and y = f(x) be the given function, then
the method to find f(x,),Vx, <x, <x iscalled as an Interpolation. If x,, is not in the range

of x,and x,, then the method to find x,, is called as Extrapolation.

[ b S x, j

Equally spaced Unequally spaced
argumerts arqumernts

/ \

Mewtons, § Gauss Lagrange's
interpolation Interpolation

The Interpolation depends upon finite difference concept.

If x,,x,....x,be given set of observations and let y, = f(x,), y, = f(x),....... ,
y, = f(x,) be their corresponding values for the curve y = f(x) ,then y, — ¥y, ¥, = Yjs-eeene

v, =y, 1s called as finite difference.

When the arguments are equally spaced i.e. x; —x, , =h,Vithen we can use one of the

following differences.

Note: If h is the common difference of the observations, then h=x, —x, ,Vi

» Forward differences

> Backward differences

» Central differences
Forward Difference:



Let us consider x,,x,,.....x, be given set of observations and let y,,y,,.....y, are
corresponding values of the curve y = f(x), then the Forward difference operator A is
denoted by and is defined as Ay, =y, — ¥,. Ay, =¥, = Vjseervenn Ay,=y,—y,, .Inthis case
are Ay, , Ay, ,....., Ay, called as First Forward differences of y .

The difference of first forward differences will give us Second forward differences and it
is denoted A’by and is defined as A’y, =A(Ay,)

=AY, Y,)
=Ay,-Ay,
=(,=y) == Y,)
=(,=2y,+Y,)

Similarly, the difference of second backward differences will give us third backward
difference and it is denoted by A’.

Forward Difference Table

X y= f(»)| First Second Third Forth
Forward Forward Forward Forward
Differences Differences Differences Differences
Xo Yo
'xl yl Ayo — yl — yo
Xy Vs
2
A%y, = Ay, — Ay,
Ay] =Y,V ASyozAzyl_Azyo
2. 4 A3 3
X | Yac Ay, = Ay, — Ay, Ay, =A"y, =A%y,
xn yn _ A3 _AZ AZ
Ay, =y;—, =8 Y, =8
A2y2 = Ay3 —Ay,




Ay1171 :yn_ynfl

n l

Note: A"y, = > (-1) "C,y.,

i=0

Backward Difference:

Let us consider x,,x,,.....x, be given set of observations and let y,,y,,.....y, are
corresponding values of the curve y = f(x) , then the backward difference operator V is
denoted by and isdefined as Vy, =y, —y,, Vy, =y, = y,ueeuee. Vy, =y, =y, .Inthis case,
Vy,,Vy,,...., Vy are called as First backward differences of y .

The difference of first forward differences will give us Second forward differences and it
is denoted V> by and is defined as V’y, =V(Vy,)

=V(y,=y))
=Vy,=Vy,
=(,=y) == Y,)
=(,=2y,+Y,)

Similarly, the difference of second backward differences will give us third backward
difference and it is denoted by V*.

Backward Difference Table

First Second Third Forth

y2
X | s(x | Forward Forward Forward Forward

Differences Differences Differences Differences




Xo Yo
e |y Vyi=y-Y
T V?y, =Vy,=Vy,
N R 2 Viy, =Viy,=V?y,
x|V V?y,=Vy, —Vy, Vi, =Viy, ~-Vy,
5, |y, | Y=y Vi, =V2y, =V?y,
V?y, =Vy, = Vy,
VY, =y,= )

Note: V"y, = (-1) "C,y,.,

i=0

Newton’s forward interpolation formula:

Definition: Let x,, x,,......x, are the given set of observations with common difference %
and let y,,y,....... ,y, be their corresponding values for the curve y= f(x), then the

Newton’s Forward interpolation formula is given by

P(P_I)Azy N p(p—1(p-2) Ay

f(x):f(x0+ph)=yo+pAy0+ 21 0 31

_xo

"y,, Where p = al

n!

Newton’s backward interpolation formula:

Definition: Let x,,x,,......x, are the given set of observations with common difference &
and let y,,y,...... ,y, be their corresponding values for the curve y= f(x), then the

Newton’s Backward interpolation formula is given by



+1 +D(p+2
P = £y + phy =3, + pVy + DL D2y, o PEEIPED gy,

X—X

n

L PP ED(PED). (p—(n-1)
n!

V"y,,where p =

Problem 1: For x=0,1,2,3,4, f(x)=1,14,15,5,6. Find f(3) using forward difference table

Solution: Given

X: 0 1 2 3 4
y=f(x): 1 14 15 5 6

The difference table is shown below

X y Ay A’y A’y A'y
0 Yo =1
Ay, =13
1 14 Ay, =-12
1 ANy, =1
2 15 -11 Aty, =21
-10 22
3 5 11
1
4 6

By Newton’s Forward interpolation formula is given by

If we take %, =0.h=1then p=*_% =¥=3

_ ~ 33-1), . 33-D(3-2), 33-D(3-2)(3-3)
..f(3)_1+3(13)+T( 12)+ 4 1+ n 21

= f(3)=1+39-36+1
S f3)=5

Problem 2: Find a polynomial by using Newton’s forward difference interpolation formula for

the following data. Also find f(2.5)

y=f(x (1 3 7 13




Solution: The difference table is shown below

X y Ay A%y Ay
0 Yo =1
Ay, =2

1 3 Ay, =2

4 Ay, =0
2 7 2

6
3 13

By Newton’s Forward interpolation formula is given by

If we take x, =0,h =1then p=2—"2 _X_IO
1) 2)+ x(x—l3)'(x—2)

f(x)=1+x(2)+x(xz'_
=14+2x+x*—x

S f)=x"+x+1

O +..........

Also, £(2.5)=(2.5)> +2.5+1=10.125

Problem 3.The table gives the distance in nautical miles of the visible horizon for
the given heights in feet above the earth’s surface:

x = height: 100 150 200 250
Yy = distance: 10.63 13.03 15.04 16.51

300 350 400
18.42 19.90 21.27

Find the values of y when x = 160 ft.
Solution:



The difference table is as under:

x Yy A A? it n

100 10.63
2.40

150 13.03 - 0.39
2.01 0.15

200 15.04 —0.24 —0.07
| Wi 0.08

250 16.81 —0.16 —0.05
1.61 0.03

300 18.42 —-0.13 —0.01
1.48 0.02

350 19.90 —-0.11
1.37

400 21.27

Since x = 160 and h =50, Sop= ... 10 =029
h 50

Using Newton’s forward interpolation formula, we get

ip—1) . (ip—1)(p—2) ,.
Yais =Y, = Yo T pAY, + } ]2, Ay, - STP Ay,
~1)(p—2)(p—3

4!
Yoo = 13.03 +0.402 + 0.192 + 0.0384 + 0.00168 = 13.46 nautical miles

Home work:
Problem 4. Given sin45° =0.7071,sin 50° = 0.7660, sin 55° = 0.8192, and sin 60° = 0.8660,

sin52° , Using Newton’s interpolation formula.

Ans: sin52° =0.7880 correct to four decimal places

Problem 5.The population of a country in the decennial census is as shown below. Estimate
for the year 1925

Years x 1891 1901 1911 1921 1931
Population
in thousands 46 66 81 93 101
y

Ans: Here h=10, y(1925): 96.8368.



Lagrange’s interpolation Formula:

If x,,x,,......x, is the given set of observations, which are need not be equally spaced and

let ¥y, yseeeene .y, be their corresponding values of the curve y = f(x) , then

e e L)) (rmy) () () (e

(xo—xl)(xo—xz) ..... (xo—xn) 0 (xl—xo)(xl—xz) ..... (xl—xn

This is kwon as Lagrange’s interpolation formula for unequal intervals.

Examplel: Evaluate f(10) given f(x)=168,192,336 at x=1,7,15 respectively, Use Lagrange’s
interpolation.

Solution: Here x=10,x, =1,x, =7,x, =15 and y, =168, y, =192, y, =336

Lagrange’s interpolation formula is given by

— f(x)= (x—x)(x—x,) " (x-x)(x—x,) n (x-x)(x—x)
=/ (xo_xl)(xo_xz)yo (xl_xo)(xl_xz)yl (xz_xo)(xz_xl)y2

e gy 1O=D10-15) o (10-1)(10-15) ) (10-1)(10-7)

Ten)(1-15) o) (7-15)  (15-1)(15-7)

= Degs 1924 2 336
84 TS 112

=-30.005+180+81.01=231.005
Example 2:Given u, = 580,u, =556,u, =520,u, =385 u, Use Lagrange’s interpolation.

Solution: By Lagrange’s interpolation formula

o e ()
(xo )(xo )(xo ) (xl _x())(xl _Xz)
(x %) (x—x)(x—x;,) ) )
( xo)(xz—x)(xz—)%) (6 = %) (5 =3 ) (%, = x, )

Here x=3,x,=0,x, =1,x, =2,x,=3and

f(x,)=u, =580
f(x)=u, =556
f(x,)=u, =520
f(x;)=u; =385



_ 3x2x1 530+ 4x2x1 5564 4x3x1 520+4X3X2
—1Ix-—2x-3 Ix—1x-2 2x1x—1 3x2x1

385

=—1x580+4x556—-6x520+4x385 =—-580+2224—-3120+1540 = 64

Example 3 : Find the unique polynomial of degree 2 or less such that P(1)=1, P(3)=27, P(4)=64 Using
Lagrange’s interpolation formula.

Solution : Given x, =1,x, =3,x, =4

fx)=pPD=1
and f(x,)=P3)=27
f(x,)=P(4)=064

By Lagrange’s interpolation formula for three points,

¥) = (x—x)(x—x,) N +( x)(x—x,) )+ (x=x,)(x—x) X
T (xo—xl)(xo—xz)f( ) (%=, ) (% — )f( k (xz—xo)(xz—xl)f( >

) D) (D (Eed)
(=3)(1-4) (-NG-4)  (#-n@E-3)

_x2—7x+12 X =5x+4 x*—4x+3

T 6 N3

=%[48x2 —114x+72]=8x>-19x+12

o (D (x-3)
(

.. The required polynomial is P(x) =8x" —19x+12

Example 4 : Find the interpolating polynomial f(x) from the table

X 0 1 4 5

f(x) 4 3 24 39

Solution : Given

X =0,x, =Lx,=4,x,=5 and

f(x0)=4’f(x1)=3af(x2) :24,f(x3)=39

Using Lagrange’s interpolation formula,



On simplification, f(x)=2x"-3x+4

Home work:

Problem 5: A curve passes through the points (0, 18), (1, 10), (3, -18) and (6, 90). Find the
slope of the curve at x=2.
Problem 6: Find by using Lagrange’s interpolation formula, the interpolation polynomial
Which corresponds to the following data
x:-1 0 2 5
y:9 5 3 10

Ans: x> =3x+5

Problem 7:. Using Lagrange’s interpolation formula, fit a polynomial to the data
X 01 3 4
y: -12 0 6 12

Ans: y(x)=x"—7x> +18x-12



Central Difference Interpolation formula:

We have to discussed that Newton’s interpolation formulae and suitable for
interpolation near the beginning and end values of the data. For interpolation near the
middle of a difference table, Central difference formulae are preferable.

Let x be the middle of the data. If x takes the values the corresponding values of
y=f(x).

First Second Third Forth
X ch(:x) Forward Forward Forward Forward
Differences Differences Differences Differences
Xo—=2h |y,
Ay, =y,—-y,
Xo — h Y ,
A"y, =Ay,—Ay,,
X,
’ Yo Ay =y,— ¥, A3y_z = Azy—] _Azy_z
Xyt h Y Azy_l : Ayo - Ay—l A4y_2 = A3y_1 — A3y_2
A — _ A3 — AZ _AZ
X, +2h |y, Yo = V1= o Yo Yo Yo
A%y, = Ay, - Ay,
Ay, =y,—y

Gauss’s forward interpolation formula:

The Gauss’s forward interpolation formula is given by

p(p-1 ,» (ptDp(p-1) ;
o AVt A
N (p+ l)p(p4—‘ D(p-2) Aty

f(x)= f(xy+ph) =y, + pAy, +

The cetral difference table is given below



= First Second Third Forth
¥ F(x) | Forward Forward Forward Forward
Differences Differences Differences Differences
X —2h | ¥,
AV ,=Y,-Y;
,—h |y, ANy,=N,-Ny,
AV =Y5—¥,4 Ay, =Ay, -Ay,
4 3 3
X, }ﬁ Y =Ay, —Ay_i‘ ANy, =Ny, -Ay,
AVo =3 — 3 ‘&JJ =AY ATy,
Xp+h B -A:J'ﬁ =Ay —Ay,
AV, =¥, =¥
X F2h | ¥

Gauss’s forward interpolation formula:

The Gauss’s Bachward interpolation formula is given by

(p—1) (p+Dp(p-1) .,
f(x)= f(x,+ph) =y, + pAy, +%A2xl +p%ﬁy,l
+1 -1 -2
e Vpp=Dp=2) pay
41
The central difference table is given below
Y= First Second Third Forth
x S () | Forward Forward Forward Forward
Differences Differences Differences Differences
Xg—2h | ¥
X, —h Y

;
X+h | »

Ay =¥ —N
X +2h | 3,




Problem 1.

Find f{(22) from the Gauss forward formula:

x 20 25 30 35 40 45
fl{:l_‘ ): 354 332 291 260 231 204
Solution:
Ta_king x, =25, h =5, we have to find the value of f{x) for x = 22,
r—x 22— 95
ie. ftor p= 0= =_ (.6
4 h 5

The difference table is as follows:

X p Y, A ¥, ﬁ’-l_;r ﬁsyp ﬂ‘yp ﬁf'yp
20 =] 354 {= yr_ l} —G
25 0 B32(=y,) —41 | -19 29
30 1 p9l(=y,) —31 10 = | =39 45
35 2 p60(=y,) _29 2 0 8
40 3 B3l(=y,) —27 2
45 4 RO4(=y)
Gauss forward formula is
-1 .. +1 -1
U, = Yo+ Aty +ﬁ{ff ) A%y +{,ﬂ Ig::iﬁ ) Al
+Dplp —1)(p—2
_I_{;rl Jp(p —(p—2) Aty
4!
+1)(p—1 —-2An+2) -
L1 —plp—2)p+2) Ay, +..
5! -
~f(22) =332+ (0.6)(—41) + 0 {:"E =D _19)
+(-{l.ﬁ +1)(=0.6)(=0.6—1) 8)
3!
+{—{l.ﬁ + 1}{—{}.5}{:].6 —1){—-06-2) (—37)
o - ] _ e N ) | 2
+{ 0.6 +1}—0.6)(—0.6 —1)(—0.6 —2)( {'}.E+_}{45}

5!
=332 +246-9.12-0.512 + 1.5392 - 0.5241

Hence f(22) = 347.983.



Problem 2:

Use Gauss's forward formula to evaluate v, , given that y,, = 18.4708,
Y= 17.8144, Y= 17.1070, Y= 16.3432 and 1 = 15.5154.

Solution

Taking x =29, h = 4, we require the value of y for x =30
30-29

A

x—x
L F — 0 _
ie. for p= =

=0.25

The difference table is given below:

x P Y, Ay, Ny, | Ay | Ay
21 ~9 | 184708
—0.6564
25 -1 175144 —0.0510
—0.7074 —0.7074
29 0 17.1070 — 00564 —0.0022
—0.76358 —0.0076
33 1 16,3432 — 00640
—0.8278
37 2 15.5154
Gauss's forward formula is
B plp+1) (p+Dplp—1) 4
Yp =Uo T pAy, + Ay, + 193 A%y,
1+ plp—1p—2
L+ Dplp =1 }ﬂfy_g 1o,
1234
0.25)—0.75
i3 = 17.1070+ (0.25) (-0.7638) + { }{. }{_{1.0554}

, (1:25)(0.25)(=0.75)

(—0.0076)+

(1.25)(0.25)(— 0.75)(— 1.75)

24
X(=0.0022)

=17.1070 = 0.19095 + 0.00529 + 0.0003 = (0.00004 = 16.9216 approx.




Problem 3:

Using Gauss backward difference formula, find y (8) from the following
table.

x 0 5 10 15 20 25
Iy T 11 14 15 24 32
Solution:

Taking x, =10, h = 5, we have to find y forx =8, i.e., for
x—x _8-10

=_-0A4.
h 5

P

The ditference table is as follows:

x p y, | Ay, | Ay, | A, | Ay, | A%y,
0 2 7
4
5 1 11 =1
3 2
10 0 14 1 -1
4 1 0
15 1 15 2 =1
(i} 0
20 2 24 2
3
25 3 | a2

Gauss backward formula is
(p+1)p A2, il (p+1Dplp—1) A7
21! 3!

i (p+2)plp+plp— l,iﬂ4

4!
(—0.44+1)—0.4) 1)+ (—04+1){—-04)—-04-1)
21 3!
, (C04+2)(=04+1)(-0.4)-04-1)
4!

~2

Yy = Yo +pAYy_, +

U

y(8) =14+ (-0.4)(3) + (2)

(—1)

=14-12-0124+0.112+0.034
Hence Yy = 12.826



Problem 4:

Interpolate by means of Gauss’s backward formula. the population of a
town for the year 1974, given that:

Year: 19539 1945 1959 1969 1979 1959
Pﬂpula Homn: 12 15 20 a7 39 52
(in thousands)
Solution:
Taking x, = 1969, h = 10, the population of the town is to be found for
1974 — 1969
p=— P 05
10

The Central difference table is

x | p |y, | Ay | Ay, | Ay, | Ay, | Ay,
1939 | -3 12 3 2 0 3 -10

1949 | -2 15

5
1959 | -1 20 2
7 3
1969 0 27 5 -7
12 —4
1979 1 39 1
13

1959 2 52

Gauss's baclward formula is
ip+llp o (p +1}p{p -1
y;‘]‘ ] Hﬂ -+ r}ﬂy_] + 21 A y_.l -+ 31- ﬂay_g
i (p+2)p(p+1pp—1) Al
4]
& (p+2)p+1plp—1)p—2)
5!

(1. 5}({;

-2

Alyy +-

(1.5)(0.5)(—0.5)
6
L (25)( 1.5)(—{1.5} Giorlie (2.5)(1.5)(0.5)(—0.5)(1.5) (-10)
24 120
=27+3.5+1875—0.1875 + 02743 -0.1172

= 32.532 thousands approx.

Yos = 27 +(0.5)(T) + D0s) 2 s)+

Fal




Stirling’s Formula

Gauss’s forward interpolat]'(')n formula is

(p+1) .5 (p+Dpp—1) 5
91 Ayt 31 A%y,
(p+Lplp—1D(p—2) ey s
4!
Gauss’s backward interpolation formula is
o+1p . +1 -1
: 5 P gy, + 2 )?};(p 'y, (2)

p+2)p Ll)p(;ri . FNGP

Taking the mean of (1) and (2), we obtained

Yy = Yo + pAy, +
(1)

+

Yp = Yo T PAY_ +

N

Ay, +Ay_\ p° p(p” —1)
If;n=b‘u+}”(—0 g 1)+§A"y-1+73!

X(Aay_l +4A%, J R PQ(P;— 1

Aiy_z + .-

]

Which is called Stirling’s formula.

NOTE: This formula involves means of the odd differences just above and below the
central line and even differences on this line as shown below:

Mgt Ay, Ay,
senllf wwn wen T e ] P W ee :
Yo [ﬁfﬁp ] Y- (ﬂl} Y 5

+~~ﬂﬁy_3 . Central line.
Y Ay,




Problem 1:

Given

ge:

0

5

10

15

20

25

30

tan &:

0

0.0875

0.1763

0.2679

0.3640

0.4663

0.5774

Using Stirling’s formula, estimate the value of tan16°.

Solution:
Taking the originat 6°=15° h=>5°and ), = 015 _ we have the follow-
ing central difference table: i
p | y=tanf Ay Ay Ay Aly Ny
—3 | 0.0000
0.0875
-2 | 0.0875 0.0013
(L0888 0.0015
-1 | 0.1763 0.0028 0.0002
0.0916 0.0017 —0.0002
0 [ 02679 0.0045 0.0000
0.04961 0.0017 0.0009
1 | 0.5640 0.0062 0.0009
0.1023 0.0026
2 | 0.4663 0.0085
0.1111
3 | 05774
Atf=16° p= 16;15 =02

Stirling’s formula is




,‘” Ay_, +Ay, r g ?ﬂﬁﬁz'” Ay, + ANy
B e e . :
2 zT 3! 2
o
ppt—1)
+—4I Aty s+
0.0916+ 00916\ (0.2)
Yo =0.267 9+uz( = ]+{ a} (0.0045) +---
=(0.2679 + 0.01877 + 0.00009 + --- = (0.28676

Hence. tan 16 = 0.28676.

Problem 2:

Emplny Stirling’s formula to

(y. =1 +log, sinx):

compute ¥, , from the following table

x°:

11

12

13

14

107y

23,967

28,060

31,788

35,209

38,368

Solution:

Taking the origin at x,=12°

central rhiferenrf table:

.h=1and p =x-12, we have the following

P Y, Ay, Ay, Ay, Ay,
-2=x 0.23967=y ,
D005 = Ay,
-1=x, 0.25060 =y — 000365 =A2y
0037258 =Ay 0.00058 = A’y
=1 031788 =y, = 0.00307 = Ay = 0.00013 = Aty |
003421 = Ay, = 0.00045 = Ay _,
l=x 0.35208 =y, - 0.00062 = A%y
0051549 = Ay,
2=y, 0.38365 =y,

Aty=12%
formula will be Quite suitable.)

Stirﬁng’s formmla is

,” Ay +Ay, PP

=ty t+

+,IJ_{,13IE -1)

2 21

i B8 s

p = 02. (As p lies between -i and i the use of String’s

2 PpTmD) Ay +A%y

ﬁ-‘y_z'}'”'

3!

2




When p =02, we have
0.03728 + 0.03421 ] L (0.2) (
2 o

Yoo = 0.3178 + {]_‘2( —0.00307)

(—0.00013)

L (027 [(02)*-1] (u.ma + u.mxm] L 02702 1]
6 2 24

=0.31788 + 0.00715 = 0.00006 — 0.000002 + 0.0000002
= 0.32497.



Bessel’s Formula

Gauss’s forward interpolation formula is

(p—1) (p+Dplp—1)

Yp = Yo +PAY, +k 2 Aty_,+ 31 A%y,
+ Lo —11p+1)
Lt pp=lip+1) oo
We have A%y — A% =A% (1)
ie. Ay =Ny - Ny (2)
Similarly Ay =A%  — Ay, etc.

Now (1) can be written as

. pp=D(1, 1, ) pp*-D
Y, = Yo +pA.ffo+T(5 Ay + Ay [F Ay

2

+p(}f -Dp-2)(1

Aty +%Aj’y_g)+-"

4! \2
=1, + pAt +1MA21 -I—P—(Ii)-(.ﬁzt +AY )
fo T PAYo 9 9l -1 75T o) Yo Y-
-1 ~D(p-2 ~D(p-2
LPP )ﬂgy_ﬁlp(ﬁ )(p )A4II_2+lp(p Np—2)
3! 2 4! : 2 4!

X(AJ;y_l - A.Sy_])+---

1
9 g . —1)
i(p—1) Ay_, + A% (F’ g]'”{;” _ ;
I th : 3 s 3l gy W

i

Hence o =y, +pAy,+
Which is known as Bessel's formula.

NOTE: This is a very useful formula for practical purposes. It involves odd differences
below the central line and means of even differences of and below this line as shown below

Yo Ay, Ay, Ay, Central line
Aty ) A'y_, \ Ay, . A'y_s ‘
A7y, Ay, Ay



Problem 1:

Apply Bessel's formula to obtain y,.. given y,, = 2854, y,, = 3162,
Yy = 3544, Yo = 3992,

Solution:
Taking the origin atx, = 24, h =4, we have p = (x - 24).

. The central difference table is

P y Ay Ay Ay
-1 P854
308
0 Bl62 74
5] =5
1 3544 66
448
2 3992
At x=25,p=M=l.. (As p lies hEhVEEH_l and E,the use of
4 4 4 4

Bessel's formula will yield accurate results)

Bessel's formula is
1
Plp—1) A% +A%, (” _E]m’ 1)
2! 2 21
When p=0.25 we have

yp =Yo +’Hﬁ.y0 g2

Ay +- (D)

0.25(=0.75) ( 74+ 66 ] s (0.25)0.25(—0.75)

= 2 x :
Yy 3162 +0.25x 382+ 31 5 3 S
= 3162 + 95.5 — 6.5625 - 0.0625
= 3250.875 approx.
Problem 2:

Apply Bessel's formula to find the value of f (27.5) from the table:

X 25 26 27 28 29 30
Six): | 4.000 | 3.846 | 3.704 | 3.571 | 3.448 | 3.333

Solution:

Taking the origin atx, = 27, h =1, we have p =x - 27



The central difference table is

P y Ay Ay | Ay | Ay

25 —2 4.000
—0.154

26 -1 3.846 0.012
—0.142 — 0.003

27 0 3.704 0.009 0.004
—0.133 —0.001

28 1 3.571 0.010 — 0,001
—-0.123 —0.002

29 2 3.445 0.005
—0.115

30 3 3.333

Atx =275, p =0.5 (As p lies between 1/4 and 3/4, the use of Bessel's
tformula will vield an accurate result),

Bessel's formula is

1
plp=1) A2y_, + Ay, ('” -E]”{F )

Yp = Yo TpAYy,+ Y 2 + 3] Ay,
L+ Dplp=1p —2)(Aty +AL )
4! \ 2

When p =035, we have
(0.5)(05-1) ({}.Uﬂg + {}.{}H}) -
2 2
4 (05+1)0.5)(0.5-1)(05-2) (=0.001 ~0.004)

2 2
=3.704 = 0.11875 - 0.00006 = 3.585

Hence f (27.5) = 3.5585.

y, =3.704—




Exercises

10.

11.

. Find they (25), given that y

=24y, = 32 o= 5 1, =40, using Gauss

20
for ward difference formula.

. Using Gauss’s forward formula, fin d a polynomial of degree four which

takes the followin g values of the function f (x):

e 1 2 3 4 b
fw:] 1] -1 1 -
. Using Gauss’s forward formula, evaluate f{3.75) from the table:
x 2.5 3.0 3.5 4.0 45 2.0
¥ 24145 | 22043 | 20225 15.644 17262 16.047
. From the following table:
x 1.00 1.05 1.10 1.15 1.20 1.25 1.30
e 27183 | 28577 | 30042 | 3.1582 | 3.3201 34905 | 53.66493

Find """, using Gauss forward formunla.

: :tpply Gauss's backward formula to find sin 45° from the lhﬂnwing table:
a°. 20 30 440 50 (50 70 S0
sin@; | 034202 | 0502 [0.64279 | 0.76604 | 0.56603 | 0.93969 | 095451

. Using Stirling’s formula find Y. giveny =512,y =439,y =346,

Yo = 243 where Iy, represents the number of persons at age x years ina

life table.

. Use Stirling’s formula to evaluate f{1.22), given
X 1.0 1.3 1.2 1.3 1.4
fix) | 0.841 0.891 0.932 0.963 0.985

Calculate the value of f(1.5) using Bessels” interpolation formula, from
the table
X 0 l 2
Sx): 3 (i 12 15

Use Bessel's formula to obtain y,_, giveny, =24y, =32, y,, =35
Ysa™ 40.

¥



Unit-V
Binomial, Poisson & Normal distribution

Bernoulli’s theorem: If probability of the occurrence of the event in a single Bernoullian

trial is p, then the probability of the occurrence r success out of z trials is
P(er)zncrp’q"”,p+q=1,r=0,1,2,3, ...... .

Note: (x+ y)n =nc,p" +nc,p"'q' +nc,p"’q’> +....+nc,q"

(or)

(x+ y)" =nc,q" +nc,q""' p' +nc,qg" p’ +....+nc,p
Definition: If a random variable X has the binomial distribution, then its probability mass
function is given by:

P(X:r):ncrprqn_r, r:0,1,2,3, ...... , 1.
What are the necessary conditions for a binomial distribution?
1) there are a fixed number of trials, n
2) there are 2 possible outcomes, success and failure
3) there is a fixed probability of success p for all trials
4) the trials are independent.

Constants of the Binomial distribution:

@) Mean of the Binomial distribution:

Mean( 1 )=E(x) = i xP(x)

x=0

= i xP(x)=0.P(O)+1.PQ)+2.P(2) +......+n.P(n)

x=0
=1.P)+2.P2)+.....+n.P(n)
=lane,p'q"" +2ne,p’q" 7 +........ +n.nc, p"

-1
=np'q"” + 2-% g T +n.p"

= np(q"_1 +(n—=Dpg" 7 +....... + p"_l)
= np(p+q)n_I =np.1=np
Mean( i )=E(x) =np
(ii) Variance of the Binomial distribution:

Variance (¢°)= E(x2 ) —E(x)


https://app.studysmarter.de/link-to?studyset=3781632&summary=25192136&language=en&amp_device_id=964-vHW2Z3InTaAPNPSAge

—Zx P(x)—pu’

8

=Y [x(x=D+x]P(x) - *

x=0

=Z[x(x ) P(x)+sz(x) I

x=0

=i x(r= )] P(x) + p— 42

8

O

=2.1.P(2)+3.2.P3) + e+ n(n—D)P(n) + p— 1

3 n-3

=2.1.nc,p’q" > +3.2nc,p’q" 7+ +n(n=-Dp" +u—p’

=2. n(nz— D p’q"’ +6.M pg T +n(n=-Dp" +u—u’

:n(n—l)p(q"_2 +(n=2)p.g" 7 +........ + p"_2)+/,t—ﬂ2
=n(n-Dp*(p+q)" +u-i’
=n’p’—np’ +np—n’p’ =np(1-p)
=npq
Variance (o )= npq
Recurrence Relation for the Poisson distribution:
P(r)=nc,p'q""
P(r+1)=nc,p™'qg"""

P(r+1) ne +1p;+1qn (r+1)

Now
P(r) ne,p’q"
_nlln= (A DILG D! pg
n!(n—r)l.r! p’q" g

_-np
(r+1) q

(n—r) p . . _

P(r + 1) P(r), which is the required recurrence relation.

(r+1) q

Problem 1: Find the binomial distribution for which mean is 4 and variance is 3.
p)=np=4
Variance (02) =npq =73

Solution: (a) Given mean (

npg _3_ 3

np 4 4
3 1
Lp=l-g=1-=—=—
p q 12



1
and np:4:>n.Z:4:>n:16.

The probability of the binomial distribution is
1Y (3Y
S P(X=x)=12c.p'qg" " =12¢. x| = | | =
(X =x)=lepig™ =12, (4) (4)
Problem 2: The probability that a person can achieve a target is 3/4. The count of tries
is 5. What is the probability that he will attain the target at least thrice?
Solution: Given n = number of patients =5

probability of a person achieve a target p = %

3.1
then we have g=1-p=1-==—=
g=1-p i
Using binomial distribution formula,
P(X =x)="cp'q""

Thus, the required probability is: P(X =3)+P(X =4)+P(X =5)

(4] =~

Therefore, the probability that the person will attain the target atleast thrice is 49 .

Problem 3: If from six to seven in the evening one telephone line in every five is engaged in
a conversation: what is the probability that when 10 telephone numbers are chosen at random,
only two are in use?

Solution: Given n= number of telephone numbers =5

probability of a telephone line being in use p = %
then probability of a telephone line not being in use g=1-p=1 —% :§

Now, we can use the binomial probability formula
P(X = x) = ncxpan_x

e
o1 (2] -o0wn.

So, the probability that when 10 telephone numbers are chosen at random, only two
are in use is 0.0897
Problem 3: A pharmaceutical lab states that a drug causes negative side effects in 3 of
every 100 patients. To confirm this affirmation, another laboratory chooses 5 people at
random who have consumed the drug. What is the probability of the following events?
(i). None of the five patients experience side effects.
(ii). At least two experience side effects.



(iii). What is the average number of patients that the laboratory should expect to
experience side effects if they choose 100 patients at random?

Solution: Given n= number of patients =5

Let p =Probability of negative side effect = 3 =0.03
100

and hence the probability o, ¢ =1-0.03=0.97

(1) Probability of at least two experience side effects:
P(X =0)=5¢,p°¢"°
=1x(0.97)°
=0.8687

(i1) Proobability of at least two experience side effects.
P(X>2)=1-P(X =0)-P(X =1)
=1-5¢,p°¢" " +5¢,p'q¢"" +5¢,p’q""
=1-1x(0.03)"(0.97)" —5%(0.03)' (0.97)’
=1-0.8587-0.1327 =0.0086

(iii)  What is the average number of patients that the laboratory should expect to

experience side effects if they choose 100 patients at random?
H=np=100x0.03=3

Problem 4: The mean of the binomial distribution is 3 and variance is %

Find (i) the value of n (ii) P(X >9)
(iii) P(1< X <4) (iv) P(1<X <3)
Solution: (a) Given mean (1)=np =3
9
o’ )=npg==
Variance ( ) 4
npg 94 _3
np 3 4
3 1
—log=1-2=—
p=l-q=1-2=-

1
and np:3:>n.Z:3:>n:12
The probability of the binomial distribution is
1 (3Y
P(X=x)=12¢c,p*'q" " =12¢c x| = | | =
(X =x)=lepie™ =1, (4) [4)

(a) Probability of getting exactly two heads:



P(X29)=P(X=9)+P(X=10)+P(X =11)+P(X =12)

10 12-10 11 _12-11 12 _12-12

:1209199‘]1279"‘12010]7 g +12¢,p g7 +12¢,p7q

e w6

3 2 1 1

3 3 3
:IZOXF+66XP+1ZXF+1XPZ

(b) P(1<X <4)=P(X =2)+P(X =3)
=P(X =2)+P(X =3)

2 12-2

=12¢,p7q

w3
(¢) P(ISX<3)=P(X =1)+P(X =2)+P(X =3)

1_12-1 2 _12-2

=12¢,p'q " +12¢,p°q

g e 0

+12c3p3q'2_3

12-3

+12¢,p’q

Home work:

Problem 1: If a coin is tossed 5 times, find the probability of:

(a) Exactly 2 heads  (b) At least 4 heads, and (c) At most 2 heads

Problem 2: There are four fused bulbs in a lot of 10 good bulbs. If three bulbs are drawn at
random, find the probability of distribution of the number of fused bulbs drawn.

Problem 3: The probability that a person can hit a target is 3/4. The count of tries is 5. What
is the probability that he will attain the target at least thrice?



Poisson distribution:

Definition: A discrete random variable X is said to have a Poisson distribution with

parameter A>0 if it has a probability mass function given by:

P(x)=
x!

Constants of the Poisson distribution:
(i) Mean of the Poisson distribution:

Mean( 1 )=E(x) = i xP(x)

x=0

© e—lﬂx © e—lﬂ{x
=2 =2
x=0 x=0

x! (x=D!
w gAY
:Fl(x—l)' puty=x—-1=>x=y+1
=ie",1y“ —e S A
o y! o »!
—e e’ =1

Mean(pu )=E(x)=A4
(ii) Variance of the Poisson distribution:

Variance (o) = E(xQ)—E(x)

Il
NgE

x*P(x)— i xP(x)
x=0

i
[=)

x*P(x)— i xP(x)

x=0
© -A19x
=Z[x(x—1)+x]P(x)e A —/12
x=0 X!
—i e x +i:xP(x)—,u2
s (x=-2) =
© e—ﬂ/lx 5
= +u— uy=x-2=x=y+2
;(x—Z)! p—u’ puty y
© e—l/»{y#—Z 5
=) U
y=0 y
© y
e"iﬂzzl—ﬂu—yz
y=0 y'

=e At +A-A"=1
Variance (6°)= 1

(iii) Recurrence Relation for the Poisson distribution:


https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Probability_mass_function

e

P(x)= ,
x!
-4 7 x+l
Pty =2
(x+1)!
-1 7 x+1 ]
Now PE+D _e /1% J(x+1)!
P(x) e l"/x!
X! /1)”1
S (x+D! A

SLP(x+1) = Ll P(x), which is the required recurrence relation.
X+

Note: Mean and Variance of the Poisson distribution are equal to A

Problem 1: A random variable X has a Poisson distribution such that
P(x=1)=P(x=2)

Find (i) Mean (ii) P(x=4)
(iii) P(x=1) (iv) P(l< X <4)

Solution: Since a random variable X has a Poisson distribution

-Aqx

ie., P(x)=%

(1) Given P(x=1)=P(x=2)

e_ﬂxll_e"i/lz
2
:>1=i A=2
2
B 6_114 6_224
(i) P(X =4)= PTRT
_ 16 21 50002
24e 3 e
(iii) P(X=2D)=1-P(X =1
=1-P(X =0)
e Q0
R

=1-e7 =0.8647.



(iv) PA<X<4)=P(X=2)+P(X =3)

-112 -113
e'A e

“To T3
=4e” l+z

2 6
=§e2=0.4511.

Problem 2: At a small walk-in clinic, an average of five patients arrive at the clinic per
hour during the opening hours. What is the probability that the patients will arrive in
the next hours (i) exactly three patients (ii) at least one patient

Solution: an average no. of patients arrive at the clinic per hour during opening hours is 5.

ie,A=5
(1) The probability that exactly three patients will arrive at the next hour
-113
e’
P(X =3)= 3
e’s’
]

(i) The probability that exactly three patients will arrive at the next hour
P(X >1)=1-P(X <1)
=1-P(X =0)
e’ A’ 1 e’5°
0! 1

=1-

—1-L —09932
e

Problem 3: The average number of major storms in your city is 2 per year. What is the
probability that exactly 3 storms will hit your city next year?

Solution: an average number of major storms in your city per year is 2
ie,A=2
The probability that exactly three storms will hit your city next year
-A13 213
el e2

PX=3)=—3=73
=2 _0.1799
3e

Problem 4: If the variance of the Poisson distribution is 3, then find the probability that
@) X =3 (1)) 0<X <3 and (iii)) 1£X <4
Solution: Given the variance of the Poisson distribution is 3
For a Poisson distribution, we have
Mean = Variance = A =3
-1 10
e

0!

@ P(X =0)=



=L _0.0497.
e

(i) PO<X<3)=P(X=1)+P(X =2)+P(X =3)
e e tAt et A’
+ +

1! 2! 3!
2
= e’ T
2 6

=3¢ (1 + % + %) =12¢7 =0.5974.

(i) PA<X<4)=P(X =D+P(X =2)+P(X =3)+P(X =4)
AN etAr et et Al
= + + +

1! 2! 3! 4!
2 3
= e T
2 6 24

Homework:

Problem 5: Probability of getting no misprints in a page of book is e™*. what is the
probability that a page contains more than two misprints?

Problem 6: An average number of accidents on any national highway between any two cites
in India is 1.8. Find the probability that the number of accidents there will be (i) at least one
and (ii) at most one.

Problem 7: A bold factory manufactured 2% of the items are defective. The items are packed
in the boxes. What is the probability that there will be (1) exactly 2 defective items and (ii) at

least 3 defective items out 100 items.

Normal Distribution:

Definition: A continuous random variable X is said to has Normal distribution if its
probability density function

1 x—p
2

e ("j,—oo<x<oo

1
f)= E
Where u = mean of the random variable x.
o =Standard deviation of the random variable
Constants of the Normal distribution:
@) Mean of the normal distribution

By normal distribution, we have



2
1(x—u
15

,—00 < X < 00

fo)=

e
o271

Mean = ]E xf (x)dx

1 e 122
- u+oz)e * odz —
o 27[_‘[0( ) putz=""E=x=py+oz
o
© 1,
_ 1 J‘( p+07) e 2 de dx = odz, thelimits are same
2 7
1 I *lzz < ,lZZ
= luez‘dz-i-d ze 2 dz
2 L‘[@ J;o
1 (7 2
=——| | pe > dz+0
2z [J; ]
© 1,
- 2u Ie 2 dz
0

(ii) Variance of the normal distribution

By normal distribution, we have

f(x)= ! e_%(%j,—oo<x<oo
o~\2rm

Variance = E(x—,u)2 = T (x—,u)2 f(x)dx




(ili) Mode of the normal distribution

X—pH
putz=——=Xx=U+0Z
o

dx = odz, thelimits are same

2
z
put?=t:>z2=2t

2zdz =2dt

and the limits are same

Mode is the value of x for which f(x)is maximum

Mode is the value of f'(x)=0 and f"(x)<0

fo=—pe

o2 2 o

f(x)= —(x—,u) G\/lﬂ 6_5[%]

F')=—(x—p) f(x)
ff0)=0=>x=u

and f"(x)=—[(x—u) f'(X)+f(x)]
=@ 1-(x-u) |

<0

1
At x=u, f"(x)=-
o\2rx
Hence f(x)is maximum at x= x.

Therefore, mode is the value of x= x.

(iv)  Median of the normal distribution

if(x)dx=%
We have :>U£+T ]f(x)dxz%

:>I0f(x)dx+ﬂff(x)dx:%

Consider the first integral

S IR



X—H
putz=——=x=u+0z
o

dx =odz,

thelimits are

at x=pu=7=0
as x —» —0,7 —» —0

1 % 1
E+_Lf(x)dx == _[Of(x)dx =0
Hence median of the normal distribution is x = u
(v) Mean deviation of the about mean of the normal distribution
By normal distribution, we have

1(x—uV
f(x):#e_a{Tﬂj ,—00 < X < 00
o

2z

Mean deviation of the about mean = I |x - ,u| f(x)dx

—00

) 1 x-uY
= ! I |x—,u|e_2[°ﬂ dx
oN2r 7,

1 5 e
= I|GZ|€ 2 odz
o~N2m 7,
2 © 1, _ X—H _
o —° putz=——"—=>x=U+0Z
ZF“ZP odz o
7o dx = odz, the limits are same

27 -l
=c —_[ze2 odz
7[0



2
2% < _ 2 _
—o 1= (ear put—=t=z" =2t
e :
2zdz =2dt

-t
= 2[6_} = 20' and the limits are same
t=0

Mean deviation of the about mean of the normal distribution = %S .D

Problem 1: If X is a normal variate with mean 30 and S.D 5, Find (i) P(26 < X <40) and
(i) P(X>45)
Solution: Since X follows normal distribution
Given mean (n) =30 and S.D (6) =5
X—u X-30
o 5

When X =26, z= 26-30 :_?4:_0,8(= Z,)

5
=2(=1,)

40-30
(1) Probability that between X lies between 26 and 40 is
P(26 <X <40)=P(—-0.8<Z <2.0)
=P(Z=2.0)—P(Z =-0.8)
=A(2.0) — A(-0.8)
=0.9772 - 0.2119
=0.7653
(i1) Probability that X is greater than 55 is P(X>5)

When X =55, z= 55;30 =3(=zsay)

Normal variate z =

When X =40, z=

P(X>55) =1 —P(X<55)
=1—-A(3)
=1—0.9987
=0.0013.
Problem 2: The mean and S.D of the normal variate are 8 and 4 respectively. Find
(i) P(5 <X <10) and (ii) P(X>5)
Solution: Since X follows normal distribution
Given mean (u) =8 and S.D (0) =4
X-u X-8
(o 4
(1) Probability that between X lies between 26 and 40 1s P(5 < X <10)

When X =5, z:ﬂzﬁ:—o.ﬁ(: z)
4 4

Normal variate z =

When X =10, z:#=0.5(= z,)

P(26 < X <40) =P(-0.75 < Z <0.5)
=P(Z=0.5)—P(Z =—0.75)



=A(0.5) — A(-0.75)
=0.6915- 0.2266
=0.4649
(i1) Probability that X is greater than 5 is P(X>5)
When X =5, z:ﬂ:ﬁ:—ms(: z)
4 4
P(X>5) =1 -P(X5)
=1-A(2.0)
=1-0.2266

, = 0.7734
Assuming pormality

Problem 3: The length of human pregnancies from conception to birth approximates a
normal distribution with a mean of 266 days and a standard deviation of 16 days. What
proportion of all pregnancies will last between 240 and 270 days (roughly between 8 and
9 months)?
Solution: Normal Distribution

Given p =266 and c =16

The standard normal variate z = X—u = X —266
o 16
To find, P (240 < X <270)
When X =240, ;= 2207200 _ 726 _ ;53
16 16
When X =270, ;= 20-200_ % _¢55(=))
16 16

P(240 < X < 270) =P(-1.63 < Z < 0.25)
=P(Z< 0.25)—P(Z < -1.63)
=0.5987-0.0516
=0.5471.

Problem 4: The average number of acres burned by puddy grace fires in New Delhi is
4,300 acres per year, with a standard deviation of 750 acres. The distribution of the
number of acres burned is normal. What is the probability that between 2,500 and 4,200
acres will be burned in any given year?

Solution: Given mean (1) = 4300 and S.D (o) =750

X—u X-4700

Normal variate z =

o 750
When X =2500, z = 25004700 _ =220 _ , 45
750 75
When X = 4200, z = 42004300 _ —100 _ ~0.13
750 750

probability that between 2,500 and 4,200 acres will be burned in any given year
P(2500 < X <4200) =P(-2.40 < Z < -0.13)

=P(Z <-0.13)-P(Z < -2.40)

=0.4483 — 0.0082

=0.4401
Assumin i
ProblemgS:n Xrlgnglslfg'age 1Q of a group of 800 children is 98 and the S.D is 8. Assuming
normality find the expected number of children having 1Q between 100 and 120.



Solution: Given mean (p) =98 and S.D (o) =8
X—pu X-98
o 8

100-98 =§=0.25

When X =120, z = 1208 % _ 282 =275

Probability of ID of a child is between 100 and 120
P(100< X < 120) =P(0.25 < Z < 2.75)

=P(Z <2.75) — P(Z<0.25)
=0.4970 — 0.0987

=0.3983

children, expected number of children having I1Q between 100 and 120 is
=N x P(100< X < 120)
=800x0.3983
=318.64=319.

Normal variate z =

When X =100, z =

Assumin
Mmooy

Home work:

Problem 6: Given that the mean of the students in a class is 158 cm, with S.D of 20 cm.
Find how many students height lie between 150 cm and 170 cm if there are 100 students
in the class.



