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Course Objectives:
The objectives of this course are to make the student to:

1. Understand the fundamental concepts of arches, including three-hinged and two-
hinged arches, and analyze the effects of horizontal thrust, bending moment, normal
thrust, and radial shear.

2. Apply the moment distribution method to analyze single-bay, single-story portal
frames with and without side sway.

3. Analyze continuous beams and portal frames using Kani‘s Method, including
cases with and without settlement of supports.

4. Solve structural problems using the flexibility method for continuous beams
and single-bay portal frames, considering support settlements and side sway effects.

5. Evaluate the stiffness method for analyzing continuous beams and single-bay portal
frames with and without side sway, ensuring structural stability and performance.

Course Outcomes (COs):
After successful completion of this course, students will be able to:

1. Explain the behavior of three-hinged and two-hinged arches and analyze the effects
of horizontal thrust, bending moment, normal thrust, and radial shear. (Bloom's
Level: Understand - L2, Analyze - L4)

2. Apply the moment distribution method to analyze single-bay, single-story portal
frames with and without side sway. (Bloom's Level: Apply - L3, Analyze - L4)

3. Analyze continuous beams and portal frames using Kani‘s Method, including
cases with and without settlement of supports.

4. Solve structural problems using the flexibility method for continuous beams
and single-bay portal frames, considering support settlements and side sway effects.

5. Evaluate the stiffness method for analyzing continuous beams and single-bay portal
frames with and without side sway, ensuring structural stability and performance.
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UNIT -1

ARCHES: Three Hinged and Two Hinged Arches, Elastic Theory of Arches— Eddy_S
Theorem —Determination of Horizontal Thrust, Bending Moment, Normal Thrust and Radial
Shear—Effect of Temperature-Determination of Horizontal Thrust Bending Moment, Normal
Thrust and Radial Shear—Rib Shortening and Temperature Stresses.

UNIT -1
MOMENT DISTRIBUTION METHOD for FRAMES:

Analysis of Single Bay Single Storey Portal Frame Including Sides Way—Substitute Frame
Analysis By Two Cycle Method

UNIT - 111

KANI'S METHOD: -

Analysis of Continuous Beams with and Without Settlement of Supports-Single Bay Single
Storey Portal Frames with and Without Side Sway.

UNIT -1V

FLEXIBILITY METHODS: -

Flexibility Methods- Introduction-Application to Continuous Beams Including Support
Settlements—Analysis of Single Bay Single Storey Portal Frames Without and With Side
Sway.

UNIT -V

Stiffness Methods:

Stiffness Methods — Introduction — Application to Continuous Beams Including Support
Settlements — Analysis of Single Bay Single Storey Portal Frames Without and With Side
Sway.
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UNIT-1

Arches

An arch may be visualized as a curved beam in elevation with convexity upward

which is restrained at it ends from spreading outwards under the action of download
vertical loads.

The inward horizontal reactions induced by the end restraints produce hogging
moments in the arch whichwill counter act the static sagging moments set up by the
vertical loads.
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Sagging BM diagram due to Hogging BM diagram due to Net BM diagram due to Vertical
vertical load on a simply Harizontal Thrust load on arch
supported beam

The consequent reduction in the net moments which is responsible for a significantly
higher load carrying capacity of an arch as compared to the corresponding beam ,
presents the arch as an effective option in construction of bridges, buildings etc.,

Since the transverse loading at any section normal to the axis of the girder is at an
angle to the normal face, an arch is subjected to three restraining forces

1. Normal thrust
2. Radial shear and
3. Bending moment

Thus the loads get transferred partly by axial compression and partly by flexure. In
axial compression, at each cross section, the structure is subjected equal stresses.
Reduction in bending moment results smaller and economical sections for an arch
compared to a beam to transfer the same load.



Depending upon the number of hinges, arches may be divided into

a) Three hinged arch
b) Two hinged arch
¢) Single hinge arch
d) Tied arch

e) Fixed arch

Determinate

o
/\
N

Indeterminate

Externally

Roller determinate but
Internally
indeterminate

/—\ Indeterminate

Linear (Theoretical) Arch and Line of Thrust:




Consider a system of jointed linkwork inverted about the support pointsA and
B, with loads as shown in Fig. Under a given system of loading, each link will be
in a state of compression. The magnitudes of thrusts Ti, T», Tzetc., can be known
by the raysOd, Oe, etc., in. the force polygon drawn .Therefore a funicular
polygon , which is encased in the corresponding arch with AB supports , is
obtained with link work inverted.

This inverted linkwork or funicular polygon is known as “theoretical arch” or
“linear arch” and also called as “line of thrust”

Actual arch: it is however not possible to construct the actual arch of shape of
theoretical arch.The moving loads will change the shape of theoretical archand it
cannot be made to change its shape to suit the varying load positions.Therefore in
actual practice an arch is made

1) Parabolic
2) Circular and
3) Elliptical in shape

Considera cross-section PQ of the arch as shown in above. Let T be the resultant
thrust acting through D along the linear arch. The thrust T is neither normal to the



Therefore the resultant thrust T can be resolved into normal component (N)and
tangentialcomponent (F)

The tangential component F willcause shear force at the section PQ.The Normal
force N acts eccentrically (CD) to centre of cross section.
Thus the action of N at D can be transformed into two forces as
(1) A normal thrust N at C.
(ii)) A bending moment M=N x e at C.
Where e-eccentricity CD
Hence the arch is subjected to straining actions
1) shear force also called as radial shear(F)
ii) Bendingmoment(M)
and 1i1) normal thrust(N)

Eddy’s theorem:

Load line

Scale 1cm=p

Eddy’s theorem states that “The bending moment at any section of an arch is
proportional to the vertical intercept between the linear arch (or theoretical arch) and
the centre line of the actual arch.”

Consider any point on arch at a distance x from left support and y from

horizontal Let P, P2 section passing through P.

H- Horizontal reaction



Funicular polygon represents the B.M diagram due to the external
loads. Py, P2 1is the vertical interception of B.M diagram at X
Let arch is drawn to a scale lecm=pmetre, and load diagram is plotted to a scale
1Cm =q kilometre.
If the distance of pole from load line is r cm.
Scale of B.M diagram= pqr KN-m
But theoretically, B.M at
P M=V x-W(x-a)-Hy
=we-Hy
Where px usual B.M at section due to loading on s.sbeam .from
fig, ux =P1P2-P1P> X scale of B.M diagram.=P1P2(pqr)
Hy=PP,-PP> X scale of B.M diagram.=PPx(pqr)
Therefore, Mp=1-Hy=P1P2(pqr)-PP2(pqr)=PP(pqr)
Hence the ordinate (PP;) between linear arch and actual arch is proportional to the

B.M This proves Eddy’s theorem.

Three hinged arch:

A three hinged arch is a statically determinate structure. It consists of two
hinges at each abutment support called as springing and third hinge at crown.It has
four reaction components.Va&H at left hinge and Ve&H at right hinge. H being same
with three available equations from static equilibrium and one additional equation i.e

B.M at hinge crown is zero.Thus the value of H can be obtained easily.



Normal Thrust and Radial Shear:

Mormal

1-.' Radial

Rgy.s  NORMAL THRUST(N) :
L6 HORIZONTALTHRUST(H)  Nofmal  ‘Ragial

L RADIAL

Let reactions at A are H and Va

Let reactions at B are H and Vg

L
Since BM at crown is zero, Mc=V, ™ 5 ~Hh=0
L L
Letu=V YV, %,
H="
h

Similarly VA and Vg can be obtained.

After obtaining V4, Vg and H, radial shear (F) and Normal Thrust (N) can be
obtained as follows

Resolving along the section,

Radial Shear (F) = HSin ¢ — VCos ¢

Resolving normal to the section

Normal Thrust (N) =H Cos ¢ + VSin ¢



Three hinged parabolic arch:

VA L V;g

Equation of parabolic with respect to its span and rise can be obtained as follows.

Let y=kx(L-x) ---(1)
Where k- constant
At x=L/2, y=h central rise
Substituting in equation (1)
L
n=EL =
2 2
)

Therefor

<,
4h

k= 2

Then the equation of parabola becomes
4 hx(L-x
Y= o
According to Eddy’s theorem, the vertical interception between the linear arch
and the center line of the actual arch gives the bending moment at a section.
When the arch is subjected to udl throughout, the Bending moment diagram
would be an arch, since arch is also a parabolic arch. Hence parabolic arch will
not have bending moment due to udl. It will be subjected to pure compression

only.



1. A three hinged Parabolic arch of span L and rise h caeries u.d.l w/m .runthroughout.

Show that the horizontal thrust at each support—'rs—8 and also the B.M at any

H
point of arch is zero.

w/m
C
. O i W i P . e i, O i i, W i P T W eI W i W e Y
h
A
H —*$ L
Wa L V;

Total load = WL

WL
Va=Vp= 5

Taking moment of all the forces about hinge A,
wiI?

VsL-——=0

Taking moment of forces left aboutC ,

WL L
H xh="x~
A 2 2
W I
H
Y
HA=HB:WL2
8h

B.M at any section x-x

MoV wx?
x=V 4AX— ——
o

wlL wx* wL* 4 hx(L-x)
M= Xx- _——x
2 2 ~ 8h L

w_Lx_ﬂ w_Lx+ﬂ
M= > 5~ 2 2



2. A three hinged parabolic arch of span 20m and rise 4m carries audl of 20kN/m run on
the left of the span. Find the maximum B.M for the arch.

20 kN/m

c
/_‘\/_‘\,/_‘\AL‘\/_‘\/_‘\
y 4m
5 H
H 2 —
Va Ve
20m
Taking moments about A
20Vs=(20X10)5
V=50 kN
Va=150 kN,
Taking moments about C towards
right Hx4=50x10
H=125kN
At any distance of x from A,
Y= 4hx(L-x) _ 4x4(
L-=x)
L 400
_ x(20-x)
25
. dM
To obtain max B.M, *=0
dx
20 x*
M =150 x-10 x>-125 x 2{20=x]
25
M,=50 x-5 x*
dM ,

—_— &N 100N ~u_ND



Hence x=5m

M 750x5-5x52=+125 kN-m

Similarly at a distance x from B,

M,=5x*-50x
dM
T =10x-50=0

Hence x=5m
M .=—125 kN-m

+125

Bending Moment Diagram

Parabolic arch at different levels of height:




oV i

izt Ve
Let ACB is extended upto D
where L is the horizontal length between AD=
L=2L, hi. height of C above A,
ha- height of ¢
aboveB.
d=difference of
levels d=h;-ha.
Li-horizontal lengths betweenAC, L= horizontal lengths betweenCB.
L=span of arch AB.

Ordinate at any point above AD line

4 hyx(L-x)

¥ 12

3. A three hinged parabolic arch having suppourts at different levels as shown in the
fig.carries a udl of 30kN/m over the span left of the crown. Determine the horizontal
thurst developed.also find the B.M, normal thrust and radial shear at a section 15m
from left suppourts.

30 KN/m

e T T

h1=5m
A
e e i R R
4 40m 4
V" L L
| |
L 2L :
|




h2=3m,h1=5
mlL,
+L2=4Om

YA /AR AP
Vi “Viin2

By substituting the values of L, hi& hzin the above formulas we

get, L1=22.55m, [,=17.45m

4hax (L-x) 20(Lx-x?)
Y= L2 - L2

When x=15m , L=40m, h=3m
y=2.94m
Taking moments about C towards
right, VgX17.45=H x 3
Therefore H=5.82Vg_(1)
Taking moments about A,
Ma=Vsx40+Hx2-
((30x2.55%)/2)=0 Va= 528 kN,
Ve =147.7 kN,
Substitute the Vgin equation (1) we
get H=859.6KN
when x=15m,y=4.44m.
Mi5=Vax15-Hx4.44-((30x15%)/2)
=740.4kN-m

D _tan 6—29— (45.1-2x)
d 45.1X45.1

When

X=15m 0

=8.44°

Vi5=1528.8-(30X15)
= 78.8kN.



=8.44% V=78.8kN. N =861.86kN



Radial shear F=Hsin#-Vcos
substitute H=859.6kN, 0 =8.44°, V=78.8kN.
F=48.31kN.

Effect of change in temperature on three hinged arch:

Consider a three hinged arch ACB of span L and centaral rise h. Let t is the
rise of temperature a is the co-efficient of expansion.

Let length of arch increases with rise of temperature. Since end hinges A&B cannot
under go any displacement, the crown hinge ¢ of arch will rise upwards from C to D.

Therefore increase in arch = arcAD-arc AC
Length of chord AD= length of chord AC
(1+at)
=( AC+ACat)

Increse in length of arch =AD-AC

=( AC+ACat)-AC

=ACat --- (1)
Through C draw perpendicular CE on AD
Cosidering AC=AE
ED=ACat-----(2)

CD=EDsecO=ACatsech



<ADC=<ACM



128=ACutsec€|=ACat‘ =AC?at/CM--—(3)
CM
AC? =AM*+CM?
= (1/2)*+h?
= (1>+4h?)/4--- (4)
Substitute (4)in (3)

CD=((P+41%)/4)
h
CD =(P+4n?) %
4h
There fore dh=(13+4h2)ﬂ
4h

Effect of temperature rise on horizontal thrust (H):
Let h- ride of arch

dh- increse in rise of arch or in h
dH-decrease of horizontal thrust due to increase in

temperature H- horizontal thrust

=l =@ or dH:ﬂ[H]

H h h

4. A three hinged arch of span 20m and rise 4m carries udl of 25kN/m.find the
horizontal thrust for the arch. If now the arch is subjected to a rise of temperature of
40°C,find what change in horizontal thrust will occur. Take 0=12x10"per’C.

25 kN/m




Before rise in temperature
Taking moments about crown
C,

WL 0t1xa+¥ 107
2 2

Therefore H=312.5kN.

Increase in arch, d.hz(l%d,[ﬁ)_f’II
4h

—(202+4x42) 121076 545
4X4

dh=0.01392m

decrease in H=dh=ﬂ (H)
h

-0.01392

=0 X 3125

There fore dH=-1.0875 kN
Two Hinged Arches

Two-hinged arch is the statically indeterminate structure to degree one. A typical two-
hinged arch has four unknown reactions, but there are only three equations of
equilibrium available. Hence, the degree of static indeterminacy is one for two hinged
arch.

Thought three hinged arch have a hinge at the crown, it cannot move efficient
than two hinged arch, but it makes the calculation simple. Two hinged arches are
more practicable Two hinged arches are parabolic or circular. In two hinged arches

horizontal thrust may be taken as redundant force.



L

A
v

A typical two hinged arch is shown below

Determination of ‘H’ using First Theorem of “Castigliano” :

ds
dy

dx

Let H — Redundant Force at

B But B is actually hinged

Bending Moment at X-X

M= u,~Hy

Where x4, - bending Moment for Simply Supported
beam We know that Strain Energy stored in arch,



B 2
U=-[ 2E
Since B is hinged , there is no horizontal displacement at B
ou
=0
oH

But

B (uii x-Hy)? y
v=J 2El S

A
oU j? 2(ui; x-Hy)x(=y)
oH 2 EI

ds=0;

oU B
=_I =24 ds+ J/2=0
0H , EI | El

Butds = \/(dxzy )i

For Simplicity, I varies as I= 1,sect

Where [ ,=Moment of Inertiaat crown
Also ds=dx sec

Substituting in equation ‘H’



(ui¢ x v)dxsect

E 1 sect
H=" i 7? 5 é
Y axsecu
-[Elow
/
_!:ﬂxydx
H="—"—
Iyzdx

0

Analysis of Two hinged Parabolic Arches:

Ex: A two hinged parabolic arch of span L and rise ‘h’ carries a concentrated load W

at the crown. Determine the expression for horizontal thrust H developed at Springing.
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y
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ﬂ X }? V: 9
Va=W/2 <

[ | |

| L/2 | L2 |

w
Va=Vs=, (due to symmetry)

Take a Section X-X

w
=X
X 2
_ 4hx(L-x
y 2
W 4 hx (L-x)
jlu‘cydx__[ 2 2
2WhI”
JO./«txde R X2Jéé) dx
4 wh

= _2 ¢] over 0 —L/2
[

_ SWhl?
48
Denominato
4hx(L xl
f yodx= f
16h2 2

T <2 [[12 =215+ x* dx

0

4

321
r

2

W %
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5 .0/2

271X 4r



T[T R
M
15

(Tl
Therefore
S5WhP
Horizontal Thrust (H)=——" _ 25 wI
8 .., 128 h
" Sh /

Effect of Temperature on Two hinged Arch:

Consider two hinged arch subjected to rise in temperature by ‘t” degrees. If B
hinge is replaced by a roller as shown in figure.

Let a=Coefficient of thermal expansion

H = Horizontal Thrust required to bring back B to B which infers that H is the
horizontal Thrust developed in the two hinged arch using the theorem of Castigliano.

Change in Displacement = — =Lat
dH

In this case M = -Hy



aM
dH
dU

e =L
Al ot

d (M)
———ds=Lat
T 2 El
?ﬁ d:Mst=L at
EI dH .
J-(—nyJ(—y)—S=Lar
EI
Lot

2 ds
jﬁé

The above expression is Horizontal Thrust due to temperature change only.
If it 1s confined with loading and settlement of support then total horizontal thrust

==

H=

P
&""—dﬂ Lat—-A
El

H=
o
J}EEI

Effect of yielding of Supports:

Let B hinge i1s replaced by roller

Let due to loads, the support moves to point B

Let u— Moment due ; simply supported case
y=Moment due ; horizontal force

BB = | &2

e ds
El

If H- Horizontal force at springing level

M —Moment due to H = Hy

(',J‘ %ds




o (Hy)yd

Nty
¢ g ®
Since the support is yielding by A from B to B

Hy’
=B B -A
7 ds=BB

[ goon
EI
Jre
El
If the support is elastic and if yields by k due to unit horizontal force at support
then A=kH

H=

2
Y ge— -
H_[EdS—BB A

v’ K e
H 2 ds={ S ds-kt

H(f ds+k) Y 4

EI
He Y e e
~ EI
_f Lds+k
Effect of Shortening of Rib:
C
b
A B
4 H
< X > Ve =WI2
Va=W/2

| L2 ! L/2 !



<

The cross section of the arch is subjected to normal thrust also. The arch being
made up of elastic material , counters shortening of the rib. This shortening
reduces the horizontal thrust developed.

Expression for horizontal thrust due to rib shortening:
From figure N = VSina + HCos @

M = u- Hy
Where V = Beam Shear

2

ZEI -[ZEA

Where A —Area of Crossection at section X-X

Starain Energy U = _[ ds

If the support is unyielding, the horizontal displacement of arch is Zero.

dU_,
dH
M dM N dN , _
Hmdjmmﬁ
dM _— yAdN _
Buth dH CcoSo,

I (u=Hy)(-v) (VSina + HCosa )(cos o)
ds +_[

£A ds=0



VSina Cos
J. gyds HJ. _dS+J. m;A osa, ™ HI cos’a

J‘ g VSinaCosa ds
EA

.[Efd J‘cos aaﬂs

Neglecting effect of shear

ds=0

J-‘Q'E ds
- EI
_féd‘wj Cc;;ads
cos’a

Considering the term

j EA

Usually Crossection areat at crown is small and at springing 1s large

ds at crown and springings,it has some definite value.

= Constant = ASeca

A
Hence Phsn
Am

cos’a Cosa
I—ds becomesj. EA

cos’a . ] L

-r S_-r EA dx_E:

m

Substitute in Expression H

J-Mds
H= JET
J.—}fdﬁ‘+ =
F EA
[ =2




El E A,
Where A=kH



UNIT-II
MOMENT DISTRIBUTION METHOD

Distribution and carryover of moments — Stiffness and carry over factors — Analysis of continuous
beams — Plane rigid frames with and without sway — Neylor*s simplification.

Y

A

Hardy Cross (1885-1959)
4 Moment Distribution is an iterative method of solving an

indeterminate Structure.

4+ Moment distribution method was first introduced by Hardy Cross in
1932.

+ Moment distribution is suitable for analysis of all types of indeterminate
beams and rigid frames.

4 It is also called a ‘relaxation method’ and it consists of successive
approximations using a series of cycles, each converging towards
final result.

4 [t is comparatively easier than slope deflection method. 1t involves solving number of

simultaneous equations with several unknowns, but in this method does not involve any

simultaneous equations.

4

It is very easily remembered and extremely useful for checking computer output of
highly indeterminate structures.

It is widely used in the analysis of all types of indeterminate beams and rigid frames.
The moment-distribution method was very popular among engineers.

It is very simple and is being used even today for preliminary analysis of small structures.

YOI

The primary concept used in this methods are,
* Fixed End Moments
*  Relative or Beam Stiffness or Stiffness factor
Distribution factor

Carry over moment or Carry over factor

Basic Concepts
4+ In moment-distribution method, counterclockwise beam end moments are taken as positive.

4 The counterclockwise beam end moments produce clockwise moments on the joint.
4 Note the sign convention:
. . . p
Anti-clockwise is positive 4]

Clockwise is negative £y

&



s Sl nt distributi hod
+ All the members of the structures are assumed to be fixed and fixed end moments due to
external loads are obtained.
4+ All the hinged joints are released by applying an equal and opposite moment.
4 The joints are allowed to deflect (rotate) one after the other by releasing them successively.
4 The unbalanced moment at the joint is shared by the members connected at the joint when
it is released.

4 The unbalanced moment at a joint is distributed in to the two spans with their distribution

factor. B ey ¥ s
e ﬂf {j: BC e é—%—:ﬂ)'\ﬁm ..f. f =
B‘O o -

4 Hardy cross method makes use of the ability of various structural members at a joint to

sustain moments in proportional to their relative stiffness.
Fixed End Moments
4+ All members of a given frame are initially assumed fixed at both ends.
4 The loads acting on these fixed beams produce fixed end moments at the ends.
4+ FEM are the moments exerted by the supports on the beam ends.

4+ These (non-existent) moments keep the rotations at the ends of each member zero.
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R ive or Beam Stiffness or Stiffness ¥

4 When a structural member of uniform section is subjected to a moment at one end, then the
moment required so as to rotate that end to produce unit slope is called the stiffness of the
member.

4+ Stiffness is the member of force required to produce unit deflection.

4+ It is also the moment required to produce unit rotation at a specified joint in a beam or a
structure. It can be extended to denote the torque needed to produce unit twist.

4 It is the moment required to rotate the end while acting on it through a unit rotation,

without translation of the far end being

v Beam is hinged or simply supported at both ends

k = JEL/L
v Beam is hinged or simply supported at one end and fixed at other end
k = 4EI/L
v Stiffness of members in continuous beams and rigid frames
> Stiffness of all intermediate members k=4El/L

> Stiffness of edge members,

% If edge support is fixed k=4EI/L
¢ If edge support is hinged or roller k=3EI/L
4 Where, E = Young's modulus of the beam material
| = Moment of inertia of the beam

I; = Beam®™s span length



4+ When several members meet at a joint and a moment is applied at the joint to
produce rotation without translation of the members, the moment is distributed
among all the members meeting at that joint proportionate to their stiffness.
4 Distribution factor = Relative stiffness / Sum of relative stiffness at the joint
4 Ifthere is 3 members,
Distribution factors = ki / (ki+ka+ks), Ko/ (ki+ka+ks), K3/ (ki+ka+ks)
Carry over moment
4+ Carry over moment: It is defined as the moment induced at the fixed end of the beam by the
action of a moment applied at the other end, which is hinged.
4+ Carry over moment is the same nature of the applied moment.
Carry over factor (C.O):
4+ A moment applied at the hinged end B “carries over” to the fixed end ,, A,

a moment equal to half the amount of applied moment and of the same rotational

sense. C.0 =0.5
Problem:
1. Find the distribution factor for the given beam. Y
S R PR
Joint | Member | Relative stiffness Sum of Relative stiffness Distribution factor
A AB AEI/ L 4E1/L (4EI/L)/(4E1/L) =1
BA 3EI/L (GEI/L)/(7EL/L )=3/7
B 3EI/L + 4EI/L =7EI/L
BC 4EI/ L (4EI/L)/(7EL/ L) =4/7
CB 4EI/ L (4EI/ L) /(8EI/L)=4/8
C 4E1/L + 4EI/L=8EI/L
CD 4El/ L (4EL/ L)/ (8EL/ L)y=4/8
D DC 4E1/ L 4El/ L (4EL/ L)/ (4E1/ L)=1

2. Find the distribution factor for the given beam.

ﬁ (31) (1) E
A L T B L .
Joint | Member| Relative stiffness Sum of Relative stiffness Distribution factor
A AB 4E(31)/L 12E1/ L (12EL/ L)/ (12E1/L)=1
BA 4E( 3D /L 12E1/ L)/ (16El/ L )}>=3/4
B (40 12EI/L+4E1/ L = 1681/ ¢ J7kle )
BC 4EI/L (4EI/ L) /(16EI/L)=1/4
C CB 4F1/ L 4F1/ L (4EI/L)/(4E1/L) =1




3. Find the distribution factor for the given beam.

A B C 41)
‘|‘ il ‘|‘ L/
Joint | Member| Relative stiffness Sum of Relative Distribution factor
BA 0 (no support) 0
B 3EI/ L
BC 3EI/ L (3EL/L)/(3EI/L)=]
C CB 3EI/L 3EI/L +4El/ L (GEI/L)/(7TEI/L)=3/7
CD 4E1/ L =7EI/L (4EL/L)/(7TEL/L)=4/7
D DC 4E1/ L AETF 1L (4E1/ L)/ (4E1/ L) =1
: . i -

4 The product of young“s modulus (E) and moment of inertia (I) is called Flexural
Rigidity (EI) of Beams. The unit is N.mm?.
nstant strength beam:
4 If the flexural Rigidity (EI) is constant over the uniform section, it is called Constant
strength beam.
Sway:
4+ Sway is the lateral movement of joints in a portal frame due to the unsymmetrical

dimensions, loads, moments of inertia, end conditions, etc.

4+ Eccentric or unsymmetrical loading

4 Unsymmetrical geometry
4+ Different end conditions of the columns
4 Non-uniform section of the members

4+ Unsymmetrical settlement of supports

4+ A combination of the above

4 When a symmetrical structure is loaded with symmetrical loading, the bending moment and

deflected shape will be symmetrical about the same axis.
4 Bending moment and deflection are symmetrical quantities

Steps involved in Moment Distribution Method:

1. Calculate fixed end moments due to applied loads following the same sign convention and
procedure, which was adopted in the slope-deflection method.
2, Calculate relative stiffness.

3. Determine the distribution factors for various members framing into a particular joint.



4. Distribute the net fixed end moments at the joints to various members by multiplying the
net moment by their respective distribution factors in the first cycle.

5. In the second and subsequent cycles, carry-over moments from the far ends of the same
member (carry-over moment will be half of the distributed moment).

6. Consider this carry-over moment as a fixed end moment and determine the balancing
moment. This procedure is repeated from second cycle onwards till convergence

Advan Fixed En r Fi

1. Slope at the ends is zero.

2. Fixed beams are stiffer, stronger and more stable than SSB.

3. Incase of fixed beams, fixed end moments will reduce the BM in each section.

4

. The maximum defection is reduced.

Lroblem:
L. _Analyse the frame given in figur. moment distribution method and draw the B.M. D
S.ED S0KN
A
p ,_--'mKNM B ' =
i e i =
MFAB - -WL¥12 — - 10x4%12 — -13.33 KNM
Mgy = WL%12 = 10x4%12 = -13.33 KNM
Mpe = -Wab¥L? = 50x2x3%5% = .36 KNM
Mes =  Wab/L? = 50x2%3/5% = 24 KNM
Step: 2 - Stiffness
Kag = Kpa = 4FI/L = El
Kge = Keg = 3EI/L = 0.6EI
Step: 3 - Distribution factor
Joint B
DF = K /(K +K ) = 0.63
BA BA BA  BC
DF = K /(K +K ) = 0.37
BC BC BA  BC
* 4 - Mont istributior
MEMBER AB 2 CB
BA BC
DF 0 0.67 0.33 0
FEM -13.33 +13.33 -36 +24
BALANCING 0 0 0 -24

CF 0 0 -12

M -13.33 +15.33 -48

CE 10.92 0 0

0
0
BALANCING 0 21.84 12.83 0
0
0

M-FINAL -2.4 35.17 -35.17




Step: 5 - Reactions

Span AB:
Ra = 11.81 KN
Rp;i = 28.19 KN
Span BC:
R, = 37.03 KN
Rc = 12.97 KN
SFD
2. Analyse the frame given in figure by moment distribution method and draw the
BM.D&S.F.D 25 KN
" J0KNM +
;-:r"?f"'n" n s ‘r/..':'-'"'x"-"\'.'"'-"'.*.f.-'f-"f_‘..
g 4m Zm 2m
4m
Step: 1 - Fixed end moment D
Mg = -WL%12 = -10x4412 = -13.33 KNM
Mg = WL¥12 = 10x4%12 = -13.33 KNM
Mpe = - WL/8 = -25%4/8 = -12.5 KNM
M = WL/8 = 25%x4/8 = 12.5 KNM
MFBD = 0
M = 0
Step: 2 - Stiffness
Kag = Kpa = 4EI/L = EI
KBC = KCB = 3EI/L = 0.75E1
Kep = Kpp = 4EI/L = EI
Step: 3 - Distribution factor
Joint B
DF = K /(K +K +K ) = 0.36
BA BA BA BC BD
DF = K /(K +K +K ) = 0.28
BC BC BA BC BD
DF = K /(K +K +K ) = 0.36
BD BD BA BC BD



Step: 4 - Moment distribution

B
MEMBER AB BA BC BD DB CB
DF 0 0.36 0.28 0.36 0
FEM -13.33 +13.33 -12.5 0 0 +12.5
CF 0 0 -6.25 0 0 -12.5
M(initial) -13.33 +13.33 -18.75 0 0 0
BALANCING 0 +1.95 1.52 1.95 0 0
MF 0.98 0 0 0 0.98 0
M-FINAL -12.35 15.28 -17.23 1.95 0.98 0
Step: 5 - Find reactions:
Span AB: A
PENFE
Ra =  1927KN & i E
iy - % -
RBl = 20.73 KN
Span BC: -
Rg, = 16.32 KN
Rc = 8.68 KN
Span BD:
Regs = -0.73 KN
Rp = 0.73 KN




Step: 3 - Moment Distribution

It A B [ D
Member AB BA | BC CB|CD DC
LLE 0.46 1 0.54 0.51]0.49
FEM -100 +20 | +33.6 +93.6 | -26.67 +26.67
Release jt. -26.67
D’
co -13.34
Initial -100 +20 [ +33.6 +93.6 | -40.01 0
moments

Balance /24.66 -28.9><2 7.33 [ -26.26
c.O -12.33 -13.6 --14.47

Balance

/+6.29 +7.3‘><+7.38 +7.09

Cc.0 +3.15 +3.69 +3.69
Balance — -1.7 -].99><—1.88 -1.81
Cc.0 -0.85 -0.94 -1
Balance /+O.43 +0.5‘1><|—0.51 +0.49
c.0 +0.22 +0.26 +0.26
Balance o -0.12 [ -0.14 -0.13 [ -0.13
Cc.0 -0.06

Final -109.87 +0.24 | -0.24 +60.63 | -60.63
moments

20x6* /8 =90 s ) 20x4°/8 = 40KNM
KNM



6. Analysis the frame shown in figure by moment distribution method and draw BMD.

Assume EI is constant

RN {M
LA KN )
2 S PRCCEnAONAGINNYY c
a e < =
= e (=4 "N N R o
' | i
| |
e prtem Pt
(2 o
Step: 1 - Fixed end moments
Mras = MrBA= Mrcp = Mrpe = Mrcg Mrec=0
S 62
Mgpc = - - x5 =—-15kNm
12
Mgcg =+ 15 kNm
Step:2 - Distribution factor
K
Jt. Member Relative stiffness (K) K DF = ﬁ
B BA I's 11 0:55
30
BC /6 0.45
& CB IV6=0.171 0.33
CD 0511 0.3
E I's =0.151
,_1_
! - .ﬂ -II‘[
Lk Bl o vo1 L
474




Step: 3 - Moment Distribution

Jt A B C
Member AB BA | BC CB CD | CE
D.F 0 0.55]| 045 0.33 03037
FEM 0 a'| -15 +15 010
Balance /8.25 6.75 495 -4.5(-5.55
c.O 4.13 -2.48 3.38
Balance /1.36 1.12><-1.12 -1.01|-1.25
cCo 0.68 0.56 0.56
Balance /0.31 625 -0.18 -0.17 | -0.21
Cc.O 0.16 -0.09 0.13
Balance /0.05 0.04 -0.04 -0.04 1 -0.05
c.0 0.03
Final 5 9.97 | -9.97 12.78 -5.72 | -7.06
moments

Step: 4 — BMD

B
| \.\ s
¥ | I'I' " L.q\i'}
1 ¥
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8. Analyze the frame shown in figure by moment distribution method and draw BMD and SFD

SOAM
9 R BT LY £ :
49 : [ e S e r"\r:{'_w"--g"-g#‘*-r'f' c
K S - ' EP i _\f
|
Ly ¥
J‘ TEECgE
Step: 1 - Fixed end moments
20x5°
Mgag = - =-41.67 KNM
Miga =+ 41.67 KNM
Mgep = Mg =0
Mgge =-50x 1 =-50 KNM
Step:2 - Distribution factor
K
Jt. Aember K IK DF = ZK
BA 25 =041 0.62
B
BC i 0.651 0
BD I'4=0251 038
Step: 3 - Moment Distribution
Jt A B D
Member AB BA | BC BD DB
D.F 01 06210 0.38 0
FEM -41.67 41.67 | -50 0 0
Balance / 5210 3.13 \\\-_;
CcO 2.6 1.6
Final -39.07 46.87 -50 1] 3.13 1.6
moments
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Moment distribution method for frames with side sway:
4 Frames that are non symmetrical with reference to material property or geometry (different
lengths and I values of column) or support condition or subjected to nonsymmetrical

loading have a tendency to side sway.
P
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Non Sway Analysis:

4 First consider the frame held from side sway as shown in figure.

Step: I - Fixed end moments

Mrag = Mrea = Mrcp = Mppe =0

16x1x4°
Meac =— — 5 —=-10.24 KNm
16x12 x 4
Mgcs= 7; = 2.56kNm

Step:2 - Distribution factor

Relative _ K
. = DF= —
Jt. Membel stiffness K K Z K
B BA I'5=021 041 0.5
BC I'5=021 0.5
¢ CB I'5=0.21 0.41 0.5
CD I'5=0.21 0.5




Step: 3 - Moment Distribution

Joint A B == C D
Member AB BA | BC CB | CD DC
DF 0 05105 05105 0
FEM 0 -10.24 256|0 0
Balance PR o 5.12 | 5.12 1.28 -1,28\
cO 2.56 -0.64>-<;2.56 -0.64
Balance e 0.32 0.32><;0.08 -0.0\
cO 0.16 -0.64 0.16 -0.64
Balance e 0.3210.32 -0.08 -0,0\
(3418 0.16 -0.04 0.16 -0.04
Balance 0.02 | 0.02 -0.08 1-0.0
/ 8\)
C.o 0.01 -0.04
Final 2.89 5.78 | -5.78 292 | <272 -1.36
moments

EBD of columns:

By seeing of the FBD of columns ﬁ\'

i~
5.78 KNM

R=1.73-0.82
(Using XFx = 0 for entire frame) = 0.91 KN («)
Now apply
R =0.91 kN acting opposite as shown in figure

for the sway analysis.
2.8 KNM

1.73EN

-

L

ii) Sway analysis:

1.36 KINM

\

IE,

£
0.82 KN

0.82KN

4 For this we will assume a force R’ is applied at C causing the frame to deflect A* as shown in

figure /_'\l
B

A
-

PR
|
|




Since both ends are fixed. columns are of same length & I and assuming joints B

& C are temporarily restrained from rotating and resulting fixed end moment are

. . : \ GEIA’
MBA :1\’1;;33 :MCD :l\’IDc :T

Assume M, =—100kNm
5 My =My, = M. =-100 KNm

Moment distribution I SW n
Joint A B @ D
Member AB BA | BC CB | CD DC
D.F 01 05105 05105 0
FEM —100 —-100 (O 01-100 -100
Balance 50 | 50 50| 50
618 23 25 25 25
Balance /—12.5 —12.§><12.5 —12.5-\
co -6.25 —6.25 -6.25 —6.25
Balance /3.]25 3.125£>__,<3.125 3.12\
0 1.36 1.56 1.56 1.56
Balance -0.78 | —=0.78 -0.78 | —0.7
/ N
coO -0.39 —0.39 —0.39 0.39
Balance / 0.1951]0.195 0.195 0.19\
CcoO 0.1 0.1
Final - 80 -60 | 60 60 | — 60 — 80
moments
FBD of columns: ﬁ\ ﬁ\
Using > F, =0 for the entire frame 60 KNN I 23BN 60 KNM » EBEN
R '=28+28=56 KN (=)
80 KNM

28 KN




4 Hence R“ = 56KN creates the sway moments shown in above moment distribution table.
Corresponding moments caused by R = 0.91KN can be determined by proportion.

4 Thus final moments are calculated by adding non sway moments and sway moments

calculated for R = 0.91KN, as shown below

0.91
My =2.89 + —— (-80) = 1.59 kiNm
b

0.91
Mga =5.78 + e (-60) =4.81 kNm

Mpc =-5.78 + 05—961 (60) = -4.81 kKNm

Mg =272 + i—il (60)=3.7 kKNm

Mcp =-2.72 + Oﬁ—? (-60) = -3.7 kKNm

091 |
Mpe =-1.36 + S (-80) =-2.66 KNm

BMD:

3.7 KNM

4.81
KNM




Moment distribution method for frames with side sway:

1. Analysis the rigid frame shown in figure by moment distribution method and draw BMD

20 KN —
e 2m . 2m g . - g
T B 2]: - C‘I rd
411‘ 4m $
1061{115—*1 D
3m
LA A [
> oo e

i) _Non Sway Analysis:

First consider the frame held from side sway as shown in figure 2

FEM calculation:

10x3x4?
Mgap = - ——=—— =—9.8KNM
10x3% x4
Mrpa = + %:?.s KNM
20x4
Mrpc=- — — = -10 KNM
Mgcg =+ 10KNM
Mecp =Mgpe =0
Distribution Factor:
Joint Member i Zk DF = L1
: stiffness k > K
B BA 3 0611 0.18
—x—=0.111
47
BC 214 =0.51 0.82
C CB 21/4 =0.51 0.72
CD & = 0.691 0.28
—x—=0.191
4" 4




Moment distribution for non sway analysis:

Joint A B

Member AB BA | BC CB|CD DC
D.F 1 0.18 | 0.82 0.7210.28 1
FEM -9.8 7.3]-10 100 0
Release jt. [ +9.8

cD- \

coO 4.9

Initial 0 12.2 | -10 10(0 0
moments

Balance 04]-18 -7.2|(-2.8

co -3.6><-0.9

Balance 0.65 2.9S><0.65 0.25

C.o 0.33 1.48

Balance -0.06 | -0.2 -1.07 | -0.41

C.0 -0.54 -0.14

Balance 0.1 044 0.1 0.04

Final 0 12.49 | -12.49 292 ]-2.92 0
moments

FEBD of columns:

4+ FBD of columns AB & CD for non-sway analysis is shown in figure

12.49 KNM3
4 m

(N
r<— 5.07 KN

M‘H—“ 3.93 KN

2.92 KNN

Applying XF, = 0 for frame as a

Whole, R=10-3.93 -0.73

=534 kN («)

I, 22

i, 0.73 KN

D

cTF—— 0.73 KN

.

4+ Now apply R = 5.34KN acting opposite as shown in figure for sway analysis




ii)_Sway analysis:

4+ For this we will assume a force R' is applied at C causing the frame to deflect A' as shown

in figure. g
¢ Fa
i
g
N o
0

Since ends A & D are hinged and columns AB & CD are of different lengths
M, =-3EIA'/LY
M'cp= - 3EIA"/L%

. ML, 3EIAVLE 1, 4 16

ML, BEIAVLE 1D 7P 49

Assume M}, = —16kNm &M, =0
& My, =—49kNm & M .=0

Moment distribution table for sway analysis:

Jomt A B C D
Member AB BA | BC CB | CD DC
D.F 1 0.18 [ 0.82 0.7210.28 1
FEM 0 -16 |0 0(-49 0
Balance 2.88 | 13.12 3528 13.72
cO 17.64 6.56
Balance -3.18 | -14.4 4.72 | -1.84
cO -2.36 -7.23
Balance 042 | 1.94 521(2.02
Cc.0 2.61><0.9'?
Balance -0.47 | -2.1 -0.7 1 -0.27
c.0 0.3:><-1.0?
Balance 0.06 |1 0.29 0.77 (0.3
c.0 0.39 0.15
Balance -0.07 [ -0.32 -0.11 [ -0.04
Final 0 -16.36 | 16.36 35.11 | -35.11 0
moments




FBD of columns AB & CD for sway analysis moments is shown in fig.

\—\
——> 234 KN (f\
16.36 —5%8 78 KN

i 35.11

Iy 8. 78 KN

Using Ef, = O for the entire frame
R =1LIZEN(—)

Hence R’ = 11.12 kKN creates the sway moments shown in the above moment distribution
table. Corresponding moments cansed by R = 5.34 KN can be detenmined by proportion.

Thus final moments are calculated by adding non-sway moments and sway
moments determined for R = 534 KN as shown below,

Mup=0
5.34
May =12:49 + — (—16.36) = 4.63 kNm
5.3
Mac=-1249+ ﬁ (16.36) =-4.63 KNM
534
Mcg= 292+ e (35.11)=19.78 kNm

53
Mep=-292+ -11—; (—35.11) =-19.78 KNM

Mpe=0
19. 78
4N\ T
4.63 s
KNM |7 \\\
4.63 ; '
KNM - E//
20x4/4 =20
KNM

10x3x4/7 = 17.4
Nl




UNIT-111

Kanis Method

This method was developed by Dr. Gasper Kani of Germany in 1947. This

method offers an iterative scheme for applying slope deflection method. We shall now
see the application of Kani's method for different cases.

L Beams with no translation of joints:
|
-y
\ ﬁ,l,.‘"ﬁﬁ
A ~ iﬁ - 8~
e
R B ()

e
Ve rard

&MTE\.\\)% — ——

i
mL?:r
N
F4
-
(3]

bt

” Fig.L(©)

M Ba .
(g Y éﬁqf‘“’*wo)am‘%

Fig.14d)

Let AB represent a beam in a frame, or a continuous structure under transverse

loading, as show in fig. 1 (a) let the Mag & Mga be the end moment at ends A & B
respectively.

Sign convention used will be: clockwise moment +ve and anticlockwise moment —ve.

The end moments in member AB may be thought of as moments developed due
to a superposition of the following three components of deformation.



1. The member "AB’ is regarded as completely fixed. (Fig. 1 b). The fixed end
moments for this condition are written as Mrap & Mgga, at ends A & B respectively.

The end A only is rotated through an angle 6, by a moment 2M , inducing a

[

moment M, at fixed end B.
3. Next rotating the end B only through an angle 8z by moment 2M ,, while keeping

end ‘A’ as fixed. This induces a moment M, atend A.

Thus the final moment Mg & Mga can be expressed as super position of three
moments

MAB =MFAB + 2M.-‘\E +M‘B.~\
Mgpa=Mpma+ 2My, + M
For member AB we refer end “A’ as near end and end ‘B’ as far end. Similarly
when we refer to moment Mg, B is referred as near end and end A as farend.

Hence above equations can be stated as follows. The moment at the near end of a
member is the algebraic sum of (a) fixed end moment at near end. (b) Twice the rotation
moment of the near end (¢) rotation moment of the far end.

Rotation factors:
Fig. 2 shows a multistoried frame.

= ~

=
s e
= 73
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o
!
i
e
>

Li£ LI

Consider various members meeting at joint A. If no translations of joints occur,
applying equation (1), for the end moments at A for the various members meeting at A
are given by:



Mg = Mgag + 2M  + My,
Mac=Mgac + 2M . + M,
Mup =Mpap +2M ., + M,
Mag = Mpag + 2M  + M,
For equilibrium of joint A, ZM, =0
AIMespt 2EM o A EM Yy =0 assassaseae (2)

where ,
EMEgap =Algebraic sum of fixed end moments at A of all members meeting at A.

M, = Algebraic sum of rotation moments at A of all member meeting at A.

Y M, = Algebraic sum of rotation moments of far ends of the members meeting at A.
from equation (2)

M= Mo+ My | o (3)
. 4E1

We know that 2M ,; = L AB 0y =4EKag 0a
AB

I
Where K 45 = —2B | relative stiffness of member AB

AR
Mg=2EKugOn oo (4)
LEM ;= TB0 B p v (5) (Atrigid joint A all the members undergo same

rotation 8, )

Dividing Equation (4)/(5) gives

Substituting value of EM ,,, from (3) in (5)

M, =[—lj Koo M, +2M, ]

2) 3K
= Upg [EMpg + My, | (6)
K ; : L
where Uap = —l 2B s called as rotation factor for member AB at joint A.

2 3K,



Analysis Method:
In equation (6) EMgap 1s a known quantity. To start with the far end rotation
moments M, are not known and hence they may be taken as zero. By a similar

approximation the rotation moments at other joints are also determined. With the
approximate values of rotation moments computed, it is possible to again determine a
more correct value of the rotation moment at A from member AB using equation (6).

The process is carried out for sufficient number of cycles until the desired degree
of accuracy is achieved.

The final end moments are calculated using equation (1).

Kani's method for beams without translation of joints, is illustrated in following

examples:

Ex: | Analyze the beam show in fig 3 (a) by Kani’s method and draw bending

pd 9@

(NS rom—— e | - Pul -

v e & b’s"’-ﬁ*f @ Eu

¥ 2 =10 T Tw
‘o Iﬂ\;u

SR YO
Solution:
a) Fixed end moments:
Mgagp = _l{l};(ﬁ_ =-20.83 kNm
Mpa=+ 20.83 kNm
Mpe= ———— 25::3)([_ =-4.69 kNm
Mics = 25)‘;' L 14.06 kNm
Meep = 42"‘5 ~ —25kNm
Mmpe = 25 kNm
b) Rotation Factors:
Relative .
Jt. Member stiffness (K) K Rotation Factor




B BA 1I/5=0.21 -0.14
B 21/4 = 0.51 0.71 -0.36
CB 21/4 = 0.51 -0.36
CD I/5=0.21 0.71 -0.14

¢) Sum fixed end moment at joints:
EIMp =20.83 — 4.69 = 16.14 kNm
EIMpc = 14.06 — 25 = -10.94 kNm

The scheme for proceeding with methed of rotation contribution is shown in
figure 3 (b). The FEM, rotation factors and sum of fixed end moments are entered in
appropriate places as shown in figure 3 (b).

heanes

26.83%

’

i
!

s

d) Iteration Process:

Rotation contribution values at fixed ends A &D are zero. Rotation contributions
at joints B & C are initially assumed as zero arbitrarily. These values will be improved in
iteration cycles until desired degree of accuracy is achieved.

Fiq: 3(b)

ot =1

-e.l-il—“'

The calculations for two iteration cycles have been shown in following table. The
remaining iteration cycle values for rotation contributions along with these two have been

shown directly in figure 3 (c).

Jt B C
Rotation M'CB Mi‘.’.‘D
Contributio Mg, | My
n
Iteration 1 0.14 (16.14 + | 0.36 (16.14 + 0) -0.36 (-10.94 — | -0.14 (-10.94 — 5.81)
0)=-2.26 | =-5.81 5.81) | =2.35




=6.03

Iteration 2 -0.36 (-10.94 — | -0.14 (-10.94 — 7.98)
0.14 (16.14 + | 2036 (16.14 + 6.03)
7.98) | = 2.65
6.03)=-3.1|=-798
=6.81
® (s

A - 2063 =4.64 l4pé e m— il ;a;i_ 25 -

/ o . : \
ycle — | YL
CyelE-2 _-1.% £.51 2.69
yile- 5 -B.26 Lok &2.69
Cyole - & -8.3 6,92

Fig.3(c)




Iterations are done up to four cycles yielding practically the same value of rotation
contributions.

€) Final moments:
Mag=-20.83 +0-3.22=-24.05 kNm
Mpa=20.83 +2x(-3.22) + 0= 14.39 kNm
Mpe=-4.69 +2 x(-8.3) + 6.93 =— 14.36 kNm
Mcp = 14.06 + (2 x 6.93) — 8.3 = 19.62 kNm
Mep=-25+(2%2.69)+0=-19.62 kNm
Mpe =25+ 0+ 2.69 = 27.69 kNm

Bending moment diagram is shown in fig.3 (d)

= 9rye = (B4R NYW = Q0 kYW
- I .
( Ei‘as [S2a3N s

Fig.3 (d)

Ex 2: Analyze the continuous beam shown in fig. 4 (a)

36 kN
24KNm 22 kNm ‘I'
S I AP OR Ao §
1 . T"‘l"ﬂ 2m
i 2 [ e T © ®
(" Am 4 Am ki Frn _—
Fig. 4t
Solution:

a4) Fixed end moments:

Mg b(3a—-1)M _25 (3x1.5-4)x_24

I’ : 4’

= 1.88 kNm




= A
MFBA_‘*B::; I)Mu=l'5(3’;;'5 4), 24 - 7,88 kNm
M 32

M =—" =—=§kN

BETT4 T .
MFCB— I\:“ =8 kNm
MFCD=*36);#=—16RNHI
Mic= ¥=8kl\fm

b) Modification in fixed end moments:

Actually end “D’ is a simply supported. Hence moment at D should be zero. To

Modified Mgpe =8-8=0
Modified Mgcp= —16 + %(—3) = —-20 kNm

Now joint D will not enter the iteration process.

¢) Rotation Factors:

make moment at D as zero apply —8 kNm at D and perform the corresponding carry over

Relati Rotation Factor
. elative 1 K
Joint Member atiffisess (K) IK Ve -
2 YK
B BA 1/4 = 0.251 051 —0:25
BC 1/4 = 0.251 825
C CB I/4 = 0.251 .25
CD
2 xi = (.251 0.31 -0:25
4 3

d) Sum of fixed end moments at joints:

EMpp =7.88 + 8 =15.88 kNm
EMge =8 — 20 = —12kNm




e) [teration process

Joint B C
Rut'fa.[im:a ML | M : Mg | Mg
Contribution
Rotation factor —0.25 | -0.25 025 -0.25
Iteration 1 —0.25 x (15.88 + | 0.25 x (1588 + 0 -0.25 x (-12-3.97 | =0.25 x (-12-3.97 +
started at B g +0y=-3.97 | *O=-397 +0)=3.97 | 0)=3.97

assuming M,

= () & taking
My =0
M,.=0.

Iteration 2

—0.25 x (15.88 +

.25 = (1588 + 0

—0.25 x (-12 —4.96

—0.25 (~12 -4.96 +

0+397) =~ , +0) =424 | ()
+3.97)=— 496
4.96 =4.24
Iteration 3 —0.25 x(-12 | =0.25 (=12 =5.03 +
—0.25 (1588 +0 | —0.25 (1588 +0 +
—5.03+0) =426 |0
+4.24)=-5.03 | 424)=-503
=4.26
[teration 4 —0.25 x(-12 | -0.25 (-12 -5.03 +
~0.25 (1588 +0 | 0,25 (1588 +0 +
-5.03+0)=4.26 | 0)
+4.26)=-5.04 | 426)=-5.04 .
=4.26
B &
20 o
h? LEE ?-ELHME 15.88 s .&1.14 .91 |02 T o ~e35| 3.9¢ i
epele -3 =& 824 424
eyele 2 4.8 - +-a-: &.26
eyete 3 ~50% e -q-.ze &. 3¢
Cyclea ~$03 '

Fig 408




Iteration process has been stopped after 4" cycle since rotation contribution values are
becoming almost constant. Values of fixed end moments, sum of fixed end moments,
rotation factors along with rotation contribution values after end of each cycle in

appropriate places has been shown in fig. 4 (b).
f) Final moments

Member

Final moments

G| FEM My (kNm) 2M;, (kNm) M (kNm) | (=M, +2M, +M )
: (kNm)

AB 1.88 0 -5.04 3.16

BA 7.88 2(-5.04) = 10.08 0 273

BC 8 2 (-504) = —10.08 4.26 ¥2.2

CB 8 2x426=852 -5.04 11.48

CD -20 2x4.26=852 0 -11.48

BMD is shown below:

3.16




Ex 3: Analyze the continuous beam shown in fig. 5 (a) and draw BMD & SFD (VTU

January 2005 exam)

6.111\[1"1 2.5 N
? J
A ,‘3 R D
/ - ey
fig 5 (@)
Solution:
a) Fixed end moments:
Mgag =— i = — 6.67 kNm
MFBA =+ 6.67 kNm
2
Mesc = 51’2‘3 = -3.75kNm

MFCB =+ 375 kNm
Mep= -2.5x2=-5kNm

b) Modification 1n fixed end moments:
Since Mep = — 5 kNm; Meg = + 5kNm, for this add 1.25 kNm to Mgcg and do the
corresponding carry over to Mgpc

.. Now Meg=5 kNm
Modified Mgpc = -3.75 + % (1.25) =-3.13 kNm

Now joint C will not enter in the iteration process.



¢) Rotation factors:

. . Rotation Factor
Jt. Nl Relat.w(e lé}tlffness YK o I, . K
2 SK
B BA I/4 =0.251 -0.2
0.6251
R 31l _ e B
4 3
CB 1.51/3 = 0.51 —0.5
CD 0 0.51 0
d) Sum of fixed end moments at joints:
EMp =6.67 -3.13=3.54 kNm
e) lteration Process
Joint B
Rotation Contribution M 'BA (kNm) M'M (kNm)
Rotation factor —-0.2 |03

Iteration 1 started at B
taking M ,,=0

& M&B=U

-02x(354+0+0)=-0.71

—03x(354+0+0)=—1.06

Since ‘B’ is the only joint needing rotation cormrection, the iteration process will
stop after first iteration. Value of FEMs, sum of FEM at joint, rotation factors along with
rotation contribution values in appropriate places is shown in fig. 5 (b)

ﬂ-&é‘-’t . ~3.1 -
Azf ga.c.; 2.5% |03 2 2 cs "
J faan/ - ~1.0é

T B




(f) Final moments:

Final moments

MemDr | FEM My (kN) | 2V, (kNm) | M} (kN | (= My 2, +M, )

(kNm)

AB ~6.67 0 ~071 738

BA 667 2% (071)= 0 525

BC 313 2% (-1.06) 0 525

CB +3

) - : : 5

DC 0

FBD of each span along with reaction values which have been calculated from statics are
shown below:

F 3R ENm ‘5*?4)1'"
G%ﬁxm
B.s3EM

g

S 2% kM

25N

¢l




BMD and SFD are shown below

'51{”]111

B™MD

|
2.5 . - SFo
e e T T . Y - = +
E\\T + 1t

N\\;\ L

9.4% 7-44

1L Kani’s method for members with translatory joints:
Fig. 6 shows a member AB in a frame which has undergone lateral displacement
at A & B so that the relative displacement is A = Ag — Aa
If ends A & B are restrained from rotation FEM cormresponding to this displacement are

Ml
LA 5:.-—
s A~ ]
ﬂgf joe
LS
A
- L .
qu-é
; 6EL A
My =My, == s (7)

When translation of joints occurs along with rotations the true end moments are given by
M,\B =MFAB + ZMAB + MBA + MAB



Mga = Mgga + ZMIBA + M;B + M.I‘IA

If ‘A’ happens to be a joint where two or more members meet then from
equilibrium of joint we have

ZMap =0
XMpag +2EM , +XM,, +IM ;=0

L EMY, =1% (EM,, + SM), +5M ). @®)

we know from equation (5)

: K i
M;=_—"-IM

AB ZKAB AR

; : : 1 K., : .
~.Using equation (8) M ,, = — — ——— (ZMFAB +IM,, +ZMAB)
2- IR i
= Uy (EME'-A +ZMy, +2M:9.B)

Similarly M= iy (B STENL e I, B )

Using the above relationships rotation contributions can be determined by
iterative procedure. If lateral displacements are known the displacement moments can be
determined from equation (7). If lateral displacements are unknown then additional
equations have to be developed for analyzing the member.

Ex 4: In a continuous beam shown in fig. 7 (a). The support ‘B’ sinks by 10mm.
Determine the moments by Kani’s method & draw BMD.

Take I=12x 10" mm* & E = 2 x 10° N/mm?

Solution:

(a) Calculation of FEM:
20x6° B 6x2x10° x1.2x107* x10" x10

12 (6000)° x10°

MEgag = —

= —60 —40
=—100 kNm



Mgga = +60 —40= 20 kNm

50%3%2° N 63 2x107 x1.2x107* 10" %10
5 (5000 x 10°

=-24 +57.6

=33.6 kNm

50%3*x2 i 6x2x10% x1.2x107* 10" x10

-

5 (5000)* x10°
=36 +57.6

=03.6 kNm
C & D are at same level

20x 4’

Mege = -

Mgcg =+

= —26.67 kNm

MFCD =—

Mgpe=+ 26.67 kNm

b) Meodification in fixed end moments:

Since end ‘D’ is a simply supported, moment at "D’ is zero. To make moment at
D as zero apply a moment of — 26.67 kNm at end D and perform the corresponding carry
over to CD.

. Modified Mgpe =+ 26.67 =26.67 =0
Modified Mecp = — 26.67 + % (—-26.67)

=—4() kNm

Other FEMs will be same as calculated earlier. Now joint ‘D’ will not enter the iteration
process.

¢) Rotation factors:

) ) Rotation Factor
Joint Mistibia Relatwaglffnesa YK U=- i . K
2 YK

B BA 1/6=0.171 -0.23
0371

BC 15=021 -0.27

C CB I/5=0.21 -0.26
3 0.391

i %x /4=0.191 -0.24




d) Sum of fixed end moments:

EMg =20 + 33.6 =53.6 kNm
EZMpc=93.6 —40 = 53.6 kNm

e) Iteration process:

Joint B 8
Rotation , . M. (kN M, (kN
g o My, (kNm) My (kNm) ion g
Contribution
Rotation factor -0.23 | -0.27 —0.26 | -0.24
Iteration 1 023 x (53.6+ | 027x(53.6+ —0.26%(53.6 — | —0.24 (53.6 — 14.47)
(Started at B by 0+0)=—14.47 - :
taking My, =0 0+0)=-12.33 1447+ 0)=~-10.17 | 10.96=-9.39
and assuming
Mulr|3= 0
Iteration 2 —-0.23 (53.6 — | -0.27 (53.6-10.17) —0.26 (53.6-11.73) | -0.24 (53.6 —11.73)
10.17) =-10.00 | =—11.73 =-10.89 | =-10.05
Iteration 3 -0.23 .26 (53.6 -11.53) | =0.24 (53.6 -11.53)
.27 (53.6 -10.89)
(53.6-10.89) =-10.94 | =-10.10
=-11.53
=-0.82
Iteration 4 -0.23 (53.6 -0.26 (53.6 -11.52) | -0.24 (53.6 —11.52)
—0.27 (53.6 —10.94)
~10.94) =-1094 | =-10.1
=—11.52
=-9.81

Iteration process has been stopped after fourth cycle since rotation contribution values are
becoming almost constant. Values of FEMs, sum of fixed end moments, rotation factors
along with rotation contribution values after end of each cycle in appropriate places has
been shown in Fig. 7 (b).
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) Final moments:

Final moments

el | EEM Miy M, (kNm) M (Nm) | (= M, +2M; +M, )

(ij) (kNm) (kNm)

AB — 100 0 -9.81 —-109.81

BA 20 2 % (-9.81)= -19.62 0 +0.38

BC 33.6 2x(-11.52)=-23.04 | -10.94 -0.38

CB 93.6 2x(-1094)=-2188 | -11.52 60.2

CD ~40 2 x (-10.1) =-20.2 0 -60.2

DC 0 0 0 0

g) BMD is shown below:

20x62/ 8 =90
KNM

50x3x2/5 =60
KNM

20x4%/8 = 40KNM




IIT)  Analysis of frames with no translation of joints:

The frames, in which lateral translations are prevented, are analyzed in the same
way as continuous beams. The lateral sway is prevented either due to symmetry of frame
and loading or due to support conditions. The procedure is illustrated in following
example.

Example-5. Analyze the frame shown in Figure 8 (a) by Kani’s method. Draw BMD.
(VTU Jan 2005 Exam).

40 kﬂlm
- 2]

Am

A
Fig-8(a)

Solution:
(a) Fixed end moments:
Mgag = Mgga = Mpcp = Mepe = 0
- 40x6°

Mmpe= ———— =-120kNm.
FBC 12 m

Mg = +1 20kNm.

(b) Rotation factors:

Toiit |Member | RelativeStffues () | ok Batation tactor

= LAk/EK
B BC 316 =0.51 0.831 -0.3
BA I/3=0.331 -0.2
C CB 31/6 =0.51 0.831 -0.3

CD 1/3 =0.331 -0.2




(c) Sum of FEM:

ZMFB='

120+0 = -120

EMpc = 12040 =+120

(d) Iteration process:

Joint B C

Rotation . . , ,

Contribution Msa Mg Mep M’en

RaGtatoD. 0.2 0.3 0.3 0.2

Factor

Iteration 1| 0.2(-120+0) -0.3(-1204+0) 0.2(120436+0) | -0.2(120+36+0)

stated  with | =24 =36 =-46.8 =-31.2

end B taking

M’ AB-—{} and

assuming

M, CB={}

Iteration 2 0.2(-120-46.8) -0.3(-120-46.8) 0.3(120+50.04) | -0.2(120+50.04)
=33.6 =50.04 =-51.01 = -34.01

Iteration 3

-0.2(-120-51.01)
=34.2

-0.3(-120-51.01)
=51.5

-0.3(120+51.3)
=-51.39

-0.2 (120+51.3)
=-34.26

Iteration 4

-0.2(-120-51.39)
=34.28

-0.3(-120-51.39)
=51.42

0.3(120+51.42)
=-51.43

-0.2 (120+51.42)
= -34.28

The fixed end moments, sum of fixed and moments, rotation factors along with
rotation contribution values at the end of each cycle in appropriate places is shown in

figure 8(b).
8 ¢
= -0.3
& '?:m ] iy
-8.2 513 ::::!' —0.2.
Si.4 &
% L] Z 51. 4% 2 -3 2
33.8 ~ 34,01
2 ~Bh. 26
4.2 R
Fig-8(b)
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(e) Final moments:

M"(‘i‘;}l’“ Mg; | 2M%;(kNm) | M’ (KNm) g;l:ﬁ} 2%3',{";;:?“ )
AB 0 0 34.28 34.28
BA 0 2 x 34.28 0 68.56
BC _120 2x51.42 5143 168.59
CB 120 2x (-5143) |5L42 68.56
CD 0 2x(-34.28) |0 68.56
DC 0 0 -34.28 -34.28

BMD is shown below in figure-8 (c)

V)

24,28

Fig-8 (c)

34.28

€6.5¢

Analysis of symmetrical frames under symmetrical loading:




Considerable calculation work can be saved if we make use of symmetry of
frames and loading especially when analysis is done manually. Two cases of symmetry
arise, namely, frames in which the axis of symmetry passes through the centerline of the
beams and frames with the axis of symmetry passing through column line.

Case-1: (Axis of symmetry passes through center of beams):

Let AB be a honizontal member of the frame through whose center, axis of
symmetry passes. Let M, and My, be the end moments. Due to symmetry of
detformation M, and My, are numerically equal but are opposite in their sense.

Mab ; Mbo
Axis oF Symmerry

B

Slope due to M., + slope due to My,
M, 1 P M, 1 B M, 1

ha

3EI  6ElI 2EI

Let this member be replaced by member AB’ whose end A will undergo the
rotation B due to moment M., applied at A, the end B’ being fixed.

A o RB'
b R
Masg :
K- t —3
gz Ml
08=

Hence for equality of rotations between original member AB and the substitute
member AB’

Mapl  Mgpl
2EI  4ET
I 21

1 T



Thus if K is the relative stiffness of original member AB, this member can be
K
replaced by substitute member AB’ having relative stiffness —. With this substitute

member, the analysis need to be carried out for only, one half of the frame considering
line of symmetry as fixed.



Example-6: Analyze the frame given in example-5 by using symmetry condition by
Kani's method.
Solution:

Since symmetry axis passes through center of beam only one half of frame as
shown in figure 9 (a) will be considered

; K EC!
r
e ’%%! '—'4—1::0-?-51
Kba - %: 0.331 Fig-9(a)
A
gl

.. Rotation factors
Uga = —% x (033070331 +0.250) =-0.28

Upe= —% x (0.251/0.331+ 0.251) =-0.22

The calculation of rotation contribution values is shown directly in figure-9(b)

B
~120 | = 120 BCJ
26.4 R
- 0. 28 b
5
23.8
Fig-9(b)
e



Here we can see that rotation contributions are obtained in the first iteration only.
The final moments for half the frame are shown in figure 9(c) and for full frame are
shown in figure 9(d).

8 -iz0 R
o {24 E‘C' s61.2 6t.2
336 | 24.4 6.2 -E1.2
33.6 | —L2- .
o | =6%.2
&t.2
Fig-9(c)
23.¢
2%.€
o
O |a
rerty 33.6 -3%.6
4 l'l'J.‘:: s
Fig-9(d)
Example-7: Analyze the frame shown in figure 10(a) by Kani’s method.
20 kN 20 kN
Im l 2m l I m
@n P
(£ ) |4m
24 KN/m
B E
A4n 4m
@2zn 2Zn|4m
4 F
T £y
Fig-10(a)

Solution:

Analysis will be carried out taking the advantage of symmetry
(a) Fixed end moments:

Mpra=-[(20x 1 x3%/49)+ (20 x 3 x 12/4%)] = -15kNm
Mg =-24 x 4%/ 12 = -32 kNm.



The substitute frame is shown in figure 10(b)

e—df
1 21 I
Keo= 3%3=3
’ i
.hk _4

5 —$ L Fig-10(b)
s L
24 2
0
Kea= =3
b
(b) Rotation factors:
Joint Member | Relative Stiffness K | Yk | Rotation fac‘turs:-% %
B BA 21/4 51/4 -1/5
BE’ 1 41 -1/5
=¥ =12
2 4 /
BC /4 l
10
C CB 4 214 -1/4
cD’ 1){%_1 -1/4
274 4

Rotation contributions calculated by iteration process are directly shown in figure-10(c).

| I |- 15.00
° lmseIn 4o
% + 304
+ 303
+3.75
+3.04
=143
299
+284
+ 143
= 321} i
+ 568 f‘
* 579
+580
LE L]
+579
+ 5.80

Fig-10(¢)




The calculation of final moments for the substitute frame is shown in figure-10(d)

- 15.00
c E o
+3.03 A
+1303 +3.03
+3.03 g
+280 | =894
+ 896
833 Fig-10(d
56 g-10(d)
+200
t 250
~ - 32.00 "

{- 2 roR R £
+5.80 + SR
+5.80 0
— 0 =2040
+ 11 60
+5380
+ 5.80

0

014

TTIT

Figure-10(e) shows final end moments for the entire frame.
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Fig-10(e)
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Case 2: When the axis of symmetry passes through the column:

This case occurs when the number of bays is an even number. Due to symmetry
of the loading and frame, the joints on the axis of symmetry will not rotate. Hence it is
sufficient if half the frame is analyzed. The following example illustrates the procedure.

Example-8: Analyze the frame shown in figure-11(a) by Kani’s method, taking advantage
of symmetry and loading.

120 kN/m
[ G
37 D 3/
I ! !
120 KN/m .
5 (BUDO0EE0800! =
31 E 31
I ! /13m
A F ¥
7z Vrdiiii FIrrr?
-— 6m - 6m o

Fig-11(a)
Solution:
Only half frame as shown in figure-11(b) will be considered for the analysis.

120 kN/m
Cﬂiﬂiﬁm D
37
im|J
120 kN/m .
»[MUUBOOEONTY ,  Fietity
37
Im
!
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(a) Fixed end moments:

FBE= ~ et = -360kNm
12
120 x 6
Mcp = - = 5= -360kNm
(b) Rotation factors:
Relative Rotation factors = =
Joint Member ; Tk 1K
Stiffness k i ﬁ
. Sa 3 706 KT
BE 36 =1/2 —
BC /3 KT
¢ CB I3 51/6 T
CD A6 =12 0

(c) Iteration process:
The iteration process for calculation of rotation contribution values at C & B was
carried up to four cycles and values for each cycle are shown in figure-11(c).

; = /3 - 360 + 360
: 360 _| " 10+ 108 > #°
.. L + 95 66
3 +953]|
=72 + 9530
+63.77
+63.54
+63 53
+ 4235
+42.35
+42 32
+41.14
TR
=71 3|-2360 — 360 E
e 360 14] 4 61.71 0 E
o + 6348
+ 53 52
+4d1.14 el
+ 421312
+4235
+4d2.38
A
FFTFTEY

Fig-11(c)



Final moments calculations for half the frame are shown in figure-11(d) and final

end moments of all the members of the frame are shown in figure-11(e).

- 360 +360 |
+63_53C +95.30 0 B
+63.63 |+95.30 0
+4235 0 +95.30
+169.41|=169.40 +455.30
+ 148.23
+63.53
+ 4235
+ 42.‘3; -360 +360 E E
va235 | 76353 0
235 +63.53 0

+4 .30 0 +63.53
28470 -23294 +423.53
+42.35
+ 4235

0

014

rrrrr

Fig-11(d)
C -169.40 +45530 D -45530 +16940 G
+ 16941 - 169.41
+ 14823 ~ 148,
" 23294 +42353 |-42353 23494 | &5
+84.70 " - 84.70
+4235| 4 F J | -42.35

Fig-11(e)




UNIT-1V
FLEXIBILITY METHODS

This method is also known as force method or compatibility method. In this method

the degree of static indeterminacy of the structure is determined and the redundants
are identified. A coordinate is assigned to each redundant. Thus,P1, P2 Pn are

the redundants at the coordinates 1,2, n.If all the redundants are removed

, the resulting structure known as released structure, is statically determinate.

This released structure is also known as basic determinate structure.

From the principle of super position the net displacement at any point in statically
indeterminate structure is some of the displacements in the basic structure

due to the applied loads and the redundants. This is known as the compatibility

condition and may be expressed by the equation;

A =AL+AR  Where Al - - - - An = Displ. At Co-ord.at 1,2 - -n
Ay =AoL +AR AL ---- A,L = Displ.At Co-ord.at 1,2 -—------- n
| | | Due to aplied loads

| | | AR ----A;R = Displ.At Co-ord.at 1,2 --------- n
An = AL + AR Due to Redudants

The above equations may be return as [A] = [AL] + [Ar] ---—----- (1)
Ay = ML+0u Pyt Py d-—eemm O1aPs

Ar =AoL + &1 Py + 029 Py + =memmemee §o, P

] | | |

I R ()

An = AI‘JL + 5111 l:'I + 5112 P2 Foeeee Snnpn

IMA =[AL]+ [8] [P] ~-----mmmmmmmmmmmmme- 3)

INPi=161" {[A] ~ [A L]} =rmrormmenommnas (4)

If the net displacements at the redundants are zero then
Al, A2 -—----- An =0,

Then m [P]=-[8]"' [A L] -—--—-----—--(5)
The redundants P1,P2,--------- Pn are Thus determined
DISPLACEMENT METHOD :

This method is also known as stiffness or equilibrium. In this method the
degree of kinematic indeterminacy (D.O.F) of the structure is determined
and the coordinate is assigned to each independent displacement

component.

In general, The displacement components at the supports and joints are treated as
independent displacement components. Let 1,2, -------- n be the coordinates



assigned to these independent displacement components Al, A2-------- An.
In the first instance lock all the supports and the joints to obtain the
restrained structure in which no displacement is possible at the coordinates. Let

P’1, P’2, - - - - P’n be the forces required at the coordinates 1,2, --------- n in the
restrained structure in which the displacements Al, A2-------- An are zero. Next, Let
the supports and joints be unlocked permitting displacements Al, A2 ------- An at
the coordinates. Let these displacements require forces in P1d, P2d,--------Pnd at
coordinates 1,2,------- n respectively.
IfP1,P2------ Pn are the external forces at the coordinates 1,2, ------- n, then the
conditions of equilibrium of the structure may be expressed as:

P1=P’1 +P1d

P2 =P’2 +P2d - (1)

| | |

I | |

Pn=P’n+ Pnd

or [P ]=[P’] +[ Pd]--------==mmmemmm- (2)

P1=P’1 +K11 Al+ K12, A2+ K13A3 +-meemeemee- Klin An
P2=P’2 +K21 A1+ K22 A2+ K23A3 + --eeemeee- K2n An
| | | | | |
| | | | | | =mmmemmeeeeeees A3)
Pn=Pn+Knl Al+ Kn2, A2+ Kn3A3 + --------- KnnAn m

ie  [P]=[P"]+[K]J[A]-mromrromeeneees (4)

m [A]=[K]-1 {[P]-[P’]} ~(3)

Where P = External forces

P’ = Locking forces
Pd=Forces due to displacements

If the external forces act only at the coordinates the terms P’1, P’2 | -------- P’n

vanish. i. ¢ the Locking forces are zero,then

[A]=[]=1 [P [ (6)

On the other hand if there are no external forces at the coordinates then [P]=0 then
N S N L ()

Thus the displacements can be found out. Knowing the displacements the forces
are computed using slope deflection equations:

Mab= Mab+ 2EI / L (20a+ 6b+356 /L)

Mba=Mba+ 2EI / L (Ba+ 26b+36/ L)

Where Mab& Mba are the fixed end moments for the member AB due to external
loading



FLEXIBILITY AND STIFFNESS MATRICES : SINGLE CO-ORD.

D=o6xP
i D=PL’/3EI=3§ x P P=K x D
T m &=L3 /3EI P=K x PL?/3EI
8=Flexibility Coeff. K=3EI/ L3
K=Stiffness Coeft.
D= ML/ ElL M=K x D =K x ML/EI
s D= & x M=ML/EI m K=EI/L
fe 8 m =L/ EI K=Stiffness Coeft.
q €2 L e = 8 X K: 1
8=Flexibility Coeff.

TWO CO-ORDINATE SYSTEM

D1=011P1+ 812 X P2 & D2= 321P1+ 022P2
m D 011012 Pj
D2 021022 P2

L3/3E1 L2/ 2E]
OF| 2/08 L/E

d11=L3/ 3EI d21=L2/ 2El

Unit Force At Co-ord.(1)

Unit Force At Co-ord.(2) 612=021=L% / 2EI 620=L / El



STIFFNESS MATRIX

Kos=12El |3
K,,= —BEl /|2

Uriit Displacement at i1 Forces at Co-ord.(1) & (2)
K= —BEl /2

LInit Displacement at (23 fg =k /L Forces atCo-ord.(1) & ()

PEKnDHRD, 1P Ky K (|0 H_*leuLa—EEuLj
P21, D, H,.D, P | [k, K ||D ~BEI/L24EI/ L

-
=

Develop the Flexibility and stiffness matrices for frame ABCD with reference to
Coordinates shown

{ o | The Flexibility matrix can be developed by
| applying unit force successively at
‘ w2 coordinates (1),(2) &(3) and evaluating the
s displacements at all the coordinates

Gij = f mimj/ Elxds @& =displacement at | due to unit load at |



Unit Load at (1]

Unit Load at (2

Unit Load at (3]

Partion DC CE BA
| | 4| Al
Origin D E B
Lirnits 0-5 R 0-10
iF X ] - ¥
M, 0 :{ 10
M, &3 = #
8., =[m,mdx/El=125/El
By = By = [, mydx [ El = 125/ 2E
B, = 8,5 = I mgdx / Bl = =25 [ E
6, =[m,.mydx/El= 1000/ 3E|
By = fay = [, mydx [ El = =75 / 2E]
B = [y mydx / El = 10/ E
750 375 -150
- & = 1/EE| a7e 2000 -225
150 -225 B0

INVERSING THE FLEXIBILITY MATRIX [ ]
THE STIFENESS MATRIX [ K] CAN BE OBTAINED




DIAGRAM MULTIPLIERS.

P8 = . ¥ OIS~ N s S B e M (R i i i [ e

68 BISKIVHY TRl

HOYOUSAY XTI

.
mrd ] D B &
- M-Dia ‘:}F‘ st
MIQQia 4 2 3 4 5
i hHL  FhHL  LhHL  LhHL HL (1, a)
e - .
TN  hH(tk) HE(2h4hs)
I B e
| ]E L hHL L hHL  LhHL .6_”( _r) %(hwgh:.)
5 2 . - ' il
&lu [H E‘_h”L '_i.-'h_HL Fhil %‘_.(L’_‘-_pknkz) —E-(h:-i-hz)_h
1% | ' 2y HL [
_.e_/_],?; Shar  LhaL I%anL "}—-—i,"(f-*k"-“",) J.T_i(h,arsha)
= & 2 HL
4:@ a_hm_ SrhHL ShHL MB(sE LK) B (Shivsh)

DNHLS S0 STOHIAW 2ISYE



STIFFNESS MATRIX

Ky =(12E1 7 L3),.g + (12E1/ L), = 0.144E]
K, 4= — (BEI / L2),5 = — 0.24E|

Fpq=—(BEIF L2)op == 0.24E]
Given Co-ordinates

LInit Displacement at Co-ordinate (1)

Kaa=Hay= = (BEL S L2)ag = — 0 .24E]
Koo =(4Elf L)ug FEEIT L)go= 3.2E

Unit Dapl. at Co-ord.(2)  Mee™(2EN Lige= 0.82E]

K =Kym o (BELFL2Y =< D24E |
Koo= Ksy=(2EI f L)y.= 0.82E

) (AE1F L) +[AE LY .. =2 4E|
Urit Dsgl. at Coora g3y 2 GBI Bee (48 )e

0144 —0.24 ~0.24
KBl | =024 3 7 08
~ 0.24 0f 7 4

Unit -v



Force Method { Flexibility ar
compatibility rnethod

Displacemant method
(Stiffness or ecuilibrium method)

1. Determine the degree
static indeterminacy (degree of
redundancyl, n

of | 1.
kinematic

(degree of freedaoaml, n

Determine the degree  of

indeterminacy

2. Choose the redundant=. o
displacement caomp onents

Identify the independent

3. Assign coordinates 1, 2,

3 As=sign coordinates 1, 2,
nto the redundants ]

displacement caoamp onents.

to the independent

4 Hemowve all the redundants tn

4 FPrevent all the independent

displacements at the coordinates
due to applied loads acting on
the releaszed structure

obhtain to obtain the released |dizplacement componentz to

structure. ohbtain the restrained
structure.

g.0Determine [, ], the |2. Determine [F'] the forces

at the coordinates in the
restrained structure due to
the loads other than tho=ze
acting at the coordinates

5. Determine [2 g1, the
displacements at the coordinates

due to the redundants acting on
the released =tructure

6. Determine [F,] the forces
required at the coordinates in

the unrestrained structure to
cause the independent

displacement components[a]

FoCompute the net
dizplacerment at the coordinates
[A] = [ 1+ [&gl]

7. Compute the forces at
the coordinates

(B == [l ==

a3. Use the conditions of
compatibility of displacement =
to compute the redundants

8. lse the conditions of
equilibrium of forces  to
compute the dizsplacements

[F] == [Bf -4k =[50k [A] = [k]-" {[F]—[P']:
9. KFnowing the redundants, (9. F.onowsing the
compute the internal member |displacements, compute the
forces by using eguationz of | Internal member forces by
statics. Lsing slope deflection

ecuation.




LECTURE No .7
Example: ©

v 3
Ag s«m$ mf, s“l = Ds=2, Rb, Rc Redu-ndnn;;a_ . )
F 3
‘Rb 'R
) o i—lZoxs (2,,,,.,.5).1. L".’.‘.lﬁ{zx(qgo)-!-(-éo]}.k
= we==| g - 3
~[80XIY
T Dy, = .__-{-12-0)\5(2x20+19-+ ———'(2*10'”)]
1g0] I
A 12KN = - 2575‘0/5.1 :'.hHL.".
lo-Nt . Su = EI{-—MoMoon} logg e
= unit Load a
20 o e $iy=3 [.Lxmm(:no-ﬂo)l: 2500
+ o 5 12=4d3)= L EI
I e %000

- d23=.1_[.L b X —_—
maq - Unit Load at@® 22 I[sxzoxzo SET

1000 2500
: {5‘2 '3_151\

\ Using, [P1: [ ]{[Al w1}

2500 8000
{A)=0 Net displacements zero

-1
] . - looo 2Soe - 9500/py 2 19.93
Pa 2500 8opo| |- 2S750/g1 343
le =Rp=19-93 KN & Py= Re= 343 KN,
Draw B.M. & S-F Diagham,

@ If supperihh B & ¢ Sinks down Iay UNnits 2o & lpo

Ex &1
units anedyse dhe beawn, y
Tn His, net displacemments, at® A=~ & @4;



Com)oa{-:‘bi!:'fy Egn (s ompdified as—

o]
P, : loob 2500 - 9.__g,aI —qsoo
- ET |- el
P.| 3EI |gspp 800D — loo —257S0
E1 TEl
= ggq|looe 2f%eo Tize 1761

2500 8pDOD| | oggsO 41
ETL

Pz Rb=17-61 KN & Py= Re= 41l KN.

@) choose the support omomenls Ma, Mbax fhe Aedumdants

® ® ie basic detexomimate stauctiune
Cs .3 - il be two Simmply Suppeited
A R c beams :

2y KN 12 KN

1 bR
A Sm Baw SMEIL Sanm A”_ = WL = 2-‘-{ X 10__ IS
W\Q /,,5@\'1 _____ = 16E1  16EL~ EI

2 L
A, = 24%10 . 12%10 - 225
.0 P T6EL 16EXI  EI

¢ ~
'

¥ \ﬁ' 3 ,._E___ = J—o- 5 :-L—' ".'.""!_o":"i‘
LG S 2 "E3Er C M ge1 6E1 3EI
unit load at

1.
rﬂ@ (18 /52.2_ 8 e .;.__S_‘_, _5’

. S 127 gey 3EL
. L L lo S
Unit load at @ 822 -(3_51);:(351 Be (51e 3EI1 3EI
= 10 4 10 “{ ]“ 20
38l 3EI o 3EI
= 20 s

SEL



. -
Using— (P]= 3Y" {ia)-ad}  [A)=o
& "g-él 22 225 - 2570
3EI —E-._f
Pz Ma = =32 10 KNw L Maz= 32:10 KNw (hnqging)

Py Mhz= —25:70 © o Mp= 2570 - ( = )
(Bo-Hn Ma & Mb wWere assumwed 54331'%9)

@ o4 Sinking suppsrts B & ¢, which are 202 &Lg,

ane considered :

© zrkrl ® . I2kn
A ‘ Bl'ifh\l c 2
(\I@_ S . Ay = 211?20 5 21.5010,‘}_:5
Due to Loading = 170 .
=% B C El
A_"j.--.. ) x 100 bR 2.
~ g 200ET _ _——x 21 Ay = 24X 12%]0 _ 200 1_._(_:39__!9_0_ sl
B e LalEank " —ifes " IGEL &% 1o \ET E1/10
LBue to Sinking = 195

EL )
Comsidening et Aispl. (al=0

—|
10 2 130 AR
3El 3E1 Bl =

P 10
P> &, 2ol LIAal 1386
3] 3EI El

(e Pj=Ma=-4!I87 (hpag:“hq)’ P, = Mh=-1%-86 (hoqgi‘hq)




Example : : -

12. KN

b KR jom B 2 Rijarm

,é:rw l i, CWD Ds = 2
© 12m |20m

EI — constant

Mp & Mc hedundants.

5 C. J2 .12 - 3
1 -(351)35 351)55" 3eI 3e1 EI

921 = (sa:)sc r js?e': - 75?1

A BN '? e D
Pra

© 1-0
Fs = -—- Rz
v X 5 @ 22 5”‘ (GEI)BC . EL EI

R S|
Unit Load at cp-s2d @) 521‘(35:)“:(. ?){b r ®
= g% +3e1 T ET

® !2-KN @ Sivnce Me § Me
KN[aA
I‘VW\LV'N"V'\B;L Bt C3 Q-KN]M J) ohe héd“ﬂdﬂﬂfs
e ";_:;N Basic detenminate Sth- AB, JrJ‘.?»C,
A hag B @ 3w (b c¢ ¢ 2KN[m sup pa’tfe
TR A T ~A— beawms
®a=Ob = _hiLéI Ob=Pab(21-0) ©,= Pa(l. -a) s mgw il
2k GEIL 24ET

Ay = Displ. at co-md. Dhu. 4o a.PPbed loads f&r cleterminate sh,
= (Ob) st (Ob)ac = Lx12>  12xLxg (2x72-4) _ HgL
anEd 6EI »I2 3EX

Ay = Displ. at co-01d.) due o apphied Ioads for cdeterminate siy

= (0)ge+ (Gep = 12x4 (12 12) " 2x12° _ 638
6EI xIL LHET 3El




[P] = {53 {[Al = [AL]} Net dJ:SPl. [Al=0
|
[Pl]: _ %’:’r -E‘—i :l-xlE%I& _ -4S0
- e 532 = IRk

Bl El 3EI
le Pz Mpz=—4S0KNm( hoggqing)
P,z Mcz =174 KNwm(hogging)
Draw B.M. & S.F D:’agmm&

The pAnblewm oy also be Solved b:} 1L.ale:'wj
Rb & Rec Aedumdant,

Egampfe i Ds =3 Imtroduee
B} 25mfe® hinges at B, ¢, %D

A <~ 20 KN
‘5 (31)5m |~ fe Mb, Me, Md hedundants,
- 62:5
N %’B Lyom /.\
A (21) 2 c
C
D
\j@ M- d.iacy:am
9 60
a8 = B ¢ 8> ¢
I'0 B 1.0[7' o B8 \k]l-oi, g 8 . ¢
m,- dia A My~ ola [ﬁwf‘bﬁ
A D - A D Ao— = D



FLEXIBILTY MATRIX !

. I%ixs . 151%S .35
Opy= Iwrx3 o 1XI2S 49 —Eig

£ 3XIEL
(AB) (8BS
| 785
= —0-7Sx(-0-FS)*3 I X1XS IX1xh - 722
522 . REl o 3:3_51+ 3%2551 EL .
5 (AB) (SC)h 1;;'; 356 -0-34,7 1125
23= OFSR0-FSERD %2l = V223 .
O12=81 = —0-FSX% - o 1
=011 = 1x3 4, \XIXS 4 p=—084L7 AT 2
ey Tevan ET [ 023 1
823= 035= — 0 FSX0-FS%3 404 JXIRA = -0:23
IXEL 6x2EL EL
53[= 5;3: M.}.o_’. d:I-IZS

A= |%(-90)%3 , Ix6o%3 , I*62S(S+25) 4

3XET T 2%El E*3ET
- 26-014/51
Agy = —O75(-90)x3 , —0FSx60X3 I%625(s+25) 4 o
L»x ET IXET £*3ET
= 3['67/5_1
Axy = ©7S(-900x3 0-FSX60%X3 . 040
4% EI AREI
= —%é3/ex H h
gl N DA BV
i~ [y —re— Kp —
HH i, D hHL HL

Hilsy - gy (L) T2 €



Using Compatabz(zfy condition,

= (37 {(a1-[4:]}) _[A]=0

-[P 3:5¢ -0-847 I-125 'i 26-04) [-18-50
P, |=—EI |~0-847 1785 —023 | £7(31-67|= |-24°34
p 1-125 =-0-23 1-22 - 563 + 16-97
3
S50KN
*. P,=Mp= 13-50( ten.out) . l’ 2 DUKRN
s L= -ye § 5/W}(3£I)
Pz Mc= 243 (- do- ) % %?
T
P,= Md= 16 fa?(’cmem) | o (21)
175) B0y 2967
D -,
Jo:33
23.33 7 1697
2617
Exaample : _
e AZin Ds=2 Remove h:'nﬂe atc.
8 & c'-'--!;‘ ie Ve ¥ He Aedundants
3Mm ; Ty TR
(1) Ve fb Seq: OAd- lLimits| ™ m (wm, [T
-"’W\ﬂ’ﬂ glﬂ
..._..E'
2m| 1.lemlec o2 o x| o |21
2 4 2|08 |c |2:4|-u0(x-2) | |0 |21
— @ 3 eEte | 03] =30 4 | = |z
'® k| ea|B | 3-5|-80-50(x3 4 | x| I
1
ApL=(M o
Al {2

Mo - 14433:33
Aoy = l EI’-d:x»— ==



t
o = meony g, - 90:67 l
aglex A= =gy Ola=8y;= f____"‘l!z
0322 S"Mi"w‘zdx: Ll-67 - _5___
o ET 5

El

vl
Using Cmpahbrhﬂ Condiliom, [A] ] "-}

[E),
g 1 ¥ 50/51 -2133 33/51' 13:50
ik & “’z\ rz':/ﬁ: M67/151 [ h3333/£1} 1 ]

|8 21
P =Vez 13:S0KN(1)  Py= He=1321Kkn ::.)tmn
. B .
Mb = 13:5 X4 —-L40x2 = —-26'0(h0og9ing) ,?: 1921
Maz 13-SXL+ 12 2I%5-L40x%2 —50%2 SokN | 13:5
= =34:95 (hogging) 3:4-1\5%’;;?5 -




LECTURE No.9
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